COCOMPACT LATTICES OF MINIMAL COVOLUME IN RANK 2 KAC MOODY 
GROUPS, PART I: EDGE-TRANSITIVE LATTICES 
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Abstract. Let G bo a topological Kac— Moody group of rank 2 with symmetric Cartan matrix, defined 
over a finite field. An example is G = SL2{K), where K is the field of formal Laurent series over F,. The 
group G acts on its Bruhat-Tits building X, a regular tree, with quotient a single edge. We classify the 
cocompact lattices in G which act transitively on the edges of X. Using this, for many such G we find the 
minimum covolume among cocompact lattices in G, by proving that the lattice which realises this minimum 
is edge-transitive. Our proofs use covering theory for graphs of groups, the dynamics of the G— action on X, 
the Levi decomposition for the parabolic subgroups of G, and finite group theory. 



Introduction 

A classical theorem of Siegel [25] states that the minimum covolume among lattices in G = 5*^2 (R) is 
and determines the lattice which realises this minimum. In the nonarchimedean setting, Lubotzky |19j 
constructed the lattice of minimal covolume in G = SL2{K), where K is the field ¥q{{t~^)) of formal Laurent 
series over Wq. 

The group G — SL2{¥q{{t~-^))) has, in recent developments, been viewed as the first example of a 
complete Kac-Moody group of rank 2 over a finite field. Such Kac-Moody groups are locally compact, totally 
disconnected topological groups, which may be thought of as infinite-dimensional analogues of semisimple 
algebraic groups (see Section 11.41 below for definitions). In this paper, we determine the cocompact lattice 
of minimal covolume in many such G, by classifying those lattices of G which act transitively on the edges 
of the associated Bruhat-Tits tree, and then showing that a cocompact lattice of minimal covolume is 
edge-transitive. Our main results are Theorems [U [2] and [3] below, which give precise statements. 

It is interesting that there exist any cocompact lattices in the groups G we consider, since starting with 
n = 3, most Kac-Moody groups of rank n do not possess any uniform lattices (with the possible exception 
of those whose root systems contain a subsystem of type An - see Remark 4.4 of [3)- For rank 2, the only 
previous examples of cocompact lattices in complete Kac-Moody groups G are the free Schottky groups 
constructed by Carbone-Garland in [10], and some of the lattices in ()2bp of Theorem [1] below, which can be 
derived from work of Gramlich and Miihlherr |18j . 

The Kac-Moody groups G that we consider have a refined Tits system, and so have Bruhat-Tits building 
a regular tree X (see [21]). The action of G on X induces an edge of groups 

Pi P2 



G = 



B 



where Pi and P2 are the standard parabolic/parahoric subgroups of G, and B = Pi Ci P2 is the standard 
Borel/Iwahori subgroup. Now let m,n be integers > 2. An {m,n) -amalgam is a free product with amalga- 
mation Ai ^2, where the group Aq has index m in Ai and index n in A2. The amalgam is faithful if 
Ai and A2 have no common normal subgroup. In Bass-Serre theory (see Section ll.2p . an (m, n)-amalgam 
is the fundamental group F of an edge of groups 

A _ ^1 A2 



A 
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with universal cover the (m, n)-biregular tree, and this amalgam is faithful if and only if F = 7ri(A) = 
Ai A2 acts faithfully on the universal cover. 

The question of classifying amalgams is, in general, difficult. A deep theorem of Goldschmidt [TS] es- 
tablished that there are only 15 faithful (3, 3)-amalgams of finite groups, and classified such amalgams. 
Goldschmidt and Sims conjectured that when both m and n are prime, there are only finitely many faith- 
ful (to, ri,)-amalgams of finite groups (see [H I14| I16j). This conjecture remains open, except for the case 
{m,n) = (2,3), which was established by Djokovic-Miller [12], and the work of Fan [14], who proved the 
conjecture when the edge group Aq is a p~group, with p a prime distinct from both m and n. On the 
other hand, Bass-Kulkarni [5] showed that if either to or n is composite, there are infinitely many faithful 
(to, n)-amalgams of finite groups. 

Now let F be a cocompact lattice in the complete Kac~Moody group G which acts transitively on the 
edges of the Bruhat-Tits tree X. As we explain in Section [L4| below, F is the fundamental group of an 
edge of groups A as above, with moreover Aq, Ai and A2 finite groups. Hence to classify the edge-transitive 
cocompact lattices in G, we classify the amalgams Ai *Ao A2 which embed in G. We note that, since the 
action of G on X is not in general faithful, an amalgam F may embed as a cocompact edge-transitive lattice 
in G even though it is not faithful. 

We now state our first main result. Theorem [TJ There are some exceptions for small values of p and q, 
which are stated separately below in Theorem [2| In Section |3| below, wc state Theorems [T] and [2| for the 
special case G = SL2{¥q{{t~^))). The group G in our results is a topological Kac-Moody group, meaning 
that it is the completion of a minimal Kac-Moody group A with respect to some topology. We use the 
completion in the 'building topology', which is discussed in, for example, [9]. 

Our notation is as follows. For any finite group H, 0{H) is the largest normal subgroup of H of odd 
order and 02{H) is the largest normal 2-subgroup of H . We write G„ for the cyclic group of order n and 
Sn for the symmetric group on n letters. Since for a finite field and the root system Ai there exist at 
most two corresponding finite groups of Lie type (one isomorphic to 5*^2(^5), and the other to PSL2{¥g)), 
to avoid complications we use Lie-theoretic notation, and write Ai{q) which stands for both of these groups. 
We will discuss this ambiguity whenever necessary. (Notice that as PSL2{Vq) = SL2{¥q)/Z{SL2{Vg)), if 
q is odd then PSL2{¥g) = SL2{¥g)/{-I), while if q is even, SL2{¥g) = P5i2(Fg).) We denote by T a 
fixed maximal split torus of G with T < Pi D P2- The centre Z{G) of G is then contained in T, and T 
is isomorphic to a quotient of F* x F* (the particular quotient depending upon G). Finally, since each 
parabolic/parahoric subgroup Pi, i = 1,2, admits a Levi decomposition (please see subsection ll.4.2l and in 
particular. Proposition [S] below), we denote by Li a Levi complement of Pi, i ~ 1,2. Since Li = MiT, where 
Mi = Ai{q) is normalised by T, let Hi be a non-split torus of Mi such that NriHi) is as big as possible. 

We say that two edge-transitive cocompact lattices T = Ai *Ao A2 and F' = A'l *a' A'2 in G are isomorphic 
if Ai A'i for 1 = 0,1,2 and the obvious diagram commutes; our classification of edge-transitive lattices is 
up to isomorphism. In particular, this means that we assume Ai < Pi for i = 1, 2. 

Theorem 1. Let G be a topological Kac-Moody group of rank 2 defined over a finite field ¥q of order 



q — p"" where p is prime, with symmetric generalised Cartan matrix 




, TO > 2. Then G has 



edge-transitive cocompact lattices F of each of the following isomorphism types, and every edge-transitive 
cocompact lattice T in G is isomorphic to one of the following amalgams. 

(1) If p ~ 2 then T ^ Ai *Aq A2 where for i = 1, 2; 

(a) Ai = AgHi with Hi = Gg+i; and 

(b) Ao<Z{G). 

(2) If p is odd and Li/ Z (Li) = PSL2{q), then (with finitely many exceptions listed in Theorem\^ below) 
one of the following holds: 

(a) q = I (mod 4) and G does not contain any edge-transitive cocompact lattices. 

(b) q = 3 (mod 4) and T = Ai *Ao A2 where for i = 1, 2: Ai = AqNm, (Hi) where Aq < Z{G). 

(3) If p is odd and Li/ Z{Li) = PGL2{q), then (with finitely many exceptions listed in Theorem\^ below): 

(a) When q = I (mod 4), let Qi G Syl2{Z{Li)) and be a unique subgroup of Qi index 2. Then: 
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(i) If Qi 7^ 1 is not contained in Z{G), then there are no edge-transitive lattices. 

(ii) If Qi < Z{G), then one of the following holds: 

(A) T ^ Ai *Ao M where for i = 1,2, Ai = A2 and Ai = H^02{Ci){t^)ZQ where d := 
CLAH^), t, e NriHi) - Ct{H,) is of order 2, Zq < Z{G) and A^ = Q^{t,)Zo. 

(B) If Qi ^ Z{G), there are no other edge-transitive lattices, but if Qi < Z{G), T = 
Ai =ifAo ^2 where for i = 1, 2, Ai = A2 with Ai ~ Hi02{Gi)Zo where Gi — GLi{Hi), 
Zq < Z{G) and Aq = QiZ^. 

(b) Whenq='i (mod 4); 

(i) T = Ai A2 with Ai = A2 such that Ai = G'iT^Zo with G[ < Gl, (H,) and \Gl : H,\ = 2. 
Moreover, Tp S SyhiT), Zq < Z(G) and Aq = TqZq. 

(ii) If Z{Mi) ^ Z{G), then there are no other edge-transitive lattices; but 

(iii) // Z{Mi) < Z{G), then also T = Ai *Aq A2 with Ai = A2 where either Ai = G'^Aq with 
G'i as described above, G'i Cl Aq = Z{Mi) and Aq < Z{G), or 2(b) holds. 

Wc will provide a more delicate description of Aq in the last section of this paper. 
We now give the finitely many exceptions to the statements in Theorem [TJ 

Theorem 2. Let G be as in Theorem{l\ above. The edge-transitive lattices for p odd and q = I (mod 4) are: 
(!) q = 5, r = Ax *Ao A2 where for i = 1,2, Ai ^ AQNi where Ni = Ai{3), Aq < NriNi), and 
\Ni : NiCiAq]^ 6; and 

(2) g = 29, r = Ai *Ao A2 where for i ^ 1,2, Ai ^ AQNi where Ni = Ai{5), Aq < NriN), and 
\N, : TV.nAol -30. 
The exceptional edge-transitive lattices for p odd, g = 3 (mod 4) are: 

(1) If q = 7 or 23, T = Ai *a„ ^2 where for i = 1,2, A, = AqN,, N, ^ S4, or 2S4, Aq < Nt{N,) and 
\Ni : Ni n Aq\ ^ q -\- 1 where Ni n Aq is cyclic. 

(2) //q = 11, r = Ai *Ao M where for i = 1,2, A, = AqN^, and Aq < Nt{N,) with \N, : iV, n Aq] = 12, 
Ni n Aq being cyclic, and one of the following holds: 

(a) Ni^N2^Ai{3), or 

(b) Ni=N2^Ai{5). 

(3) If q ^ 19 or 59, T ^ Ai *a„ ^2 where for i = 1,2, A^ = AqN,, N^ = Ai{5), Aq < Nt{N) and 
\Ni : N n Aq\ = q -\- 1 with Ni fl Aq being cyclic. 

We now state our main result on covolumes, Theorem [31 We note in Section 11.41 below that the Haar 
measure /x on G may be normalised so that the covolume fi{T\G) of an edge-transitive cocompact lattice 
r = Ai *Ao A2 is equal to + |A2|~^. Using this normalisation, we obtain the following. 

Theorem 3. Let G be as in Theorem]^ above. If p ^ 2 then 

2 

mini u(T\G) I F a cocompact lattice in G} = ttttttt^- 

^ ^ ' ^ {q + l)\Z{G)\ 

If p is odd and G admits an edge-transitive cocompact lattice, and q > 300, then 

2 



mm 



{/i(r\G) I r a cocompact lattice in G} = 



{q + l)\ZiG)\S, 

where 6q e {1,2,4} (depending upon the particular group G). 

Moreover, in these cases, the cocompact lattice of minimal covolume in G is edge-transitive. 

Even more precise statements of Theorems [1] and [2] above are obtained in Section [S] below, where we also 
prove Theorem [3l We consider covolumes for the case q = 1 (mod 4), in which G does not generally admit 
any edge-transitive lattices, in Part II of this paper. 

Theorem [3] above generalises Theorem 2 of Lubotzky [T^] , which found the lower bound on covolumes 
of cocompact lattices in G = SL2{¥q{{t~-^))) by exphcitly constructing the cocompact lattices of minimal 
covolume. Since many such lattices are edge-transitive, Lubotzky's constructions appear in our list above 
when G = SL2{Vq{{t~^^}}). In the special case q ~ 2, L. Carbone has informed us that she obtained such 
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examples independently. Although our theorems in the case G = 5i2(lFg((i^^))) essentially follow from 
Lubotzky's work, in order to show where the difhculty in the general case lies, and to illustrate different 
techniques of proof, wc prove Theorems [T] and [5] for G ~ S'L2(Fq((i~^))) in Scction|3]below. We then present 
the general proof in Section |4l 

Our main methods for determining whether or not a given amalgam is a cocompact lattice in G are 
described in Section [2] below. The first method is Bass' covering theory for graphs of groups 0, which is 
used in the proof for G = SL2{Vq((t~^))), together with elementary matrix computations (which cannot be 
carried out in the general case). As we explain in Section [2.11 below, an amalgam T ~ Ai *Aa ^2 embeds as 
an edge-transitive cocompact lattice in G if and only if there is a covering of graphs of groups A — G, where 
A and G are the edges of groups sketched above. 

For the general proof in Section IH an important tool is Lemma |4] below, which generalises Lemma 3.1 of 
Lubotzky jT9]. Lubotzky's result gave sufficient conditions for an amalgam to embed in G = SL2{¥q{{t^^))). 
Our result, proved in Scction r2.2l gives necessary and sufficient conditions, and applies to more general locally 
compact groups G acting on trees. 

Lemma 4. Let qi and q2 be positive integers and let X he the (^i + 1, 52 + l)-biregular tree. Let G be a locally 
compact group of automorphisms of X , which acts on X with compact open stabilisers and with fundamental 
domain an edge {xi, X2), where for i = 1,2 the vertex Xi of X has valence qi + 1. 
Suppose for i ~ 1,2 that Ai is a finite subgroup of the stabiliser Gx^ such that: 

(1) Ai acts transitively on the set of qi + 1 neighbours of Xi in X; and 

(2) StabA,(x3-») = AinA2. 

Then F ~ {Ai, A2), the group generated by Ai and A2, is a cocompact lattice in G, with fundamental domain 
the edge {xi,X2)- Moreover, F is isomorphic to the free product with amalgamation T ^ Ai *AinA2 ^2, and 

r^i = Ai . 

Conversely, suppose T is a cocompact lattice in G with fundamental domain the edge (xi , 2:2 ) . Let Ai = F^^ . 
Then T Ai *AinA2 o-rid Ai is a finite subgroup of Gx^ such that ^ and ([2|) hold. 

The other key result for the general proof is Proposition [5] below. This is in fact the statement that takes 
some work to prove, and is a nice result in its own right. 

Proposition 5. Let G be as in Theorem\^ above. If T is a cocompact lattice in G, then F does not contain 
p~elements. 

We apply Proposition [5] to restrict the possible finite groups Aq, Ai and A2 in a lattice amalgam F = 
Ai *Ao ^2- Our proof of Proposition [5] in Section |4] below was suggested by the Property (FPRS) in recent 
work of Caprace-Remy [9], and makes use of the dynamics of the G-action on X, including some results of 
Carbonc-Garland [TU] . 

Our proofs in Sections |3l |4] and [5] below also use the Levi decompositions of the parabolic subgroups Pi 
and P2 of G, which we recall in Section [L4l and classical results of finite group theory, which are stated in 
Section 11.51 below. 

Acknowledgements. The question of classifying edge-transitive lattices in Kac-Moody groups was sug- 
gested to us by Lisa Carbone, and we thank her for this suggestion and for her interest in this project. 
We also thank Leigh Cobbs for carefully checking some arguments. We are grateful to Bertrand Remy, 
Richard Weiss, Kevin Wortman and especially Pierre-Emmanuel Caprace for helpful correspondence and 
conversations. The second author also thanks the Mathematical Sciences Research Institute and the London 
Mathematical Society for travel support, and the Universities of New South Wales and Sydney for their 
hospitality in the period during which this work was completed. 

1. Preliminaries 

We recall some definitions and results concerning trees in Section fTTTl sketch the theory of graphs of groups 
in Section \T?I[ and give some definitions and important properties for cocompact lattices in Section [T751 In 
Section [L^ we outline those parts of the theory of Kac-Moody groups that we will need. The required results 
of finite group theory are stated in Section [1.5l 
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1.1. Trees. Let X be a simplicial tree. We define combinatorial balls in X inductively as follows. Given 
a vertex v of X, the combinatorial ball Ball(w, 0) consists of the vertex v, and for integers n > 1, the 
combinatorial ball Ba\\{v,n) consists of all closed edges in X which meet Ball(u, n — 1). Similarly, given an 
edge e of X, Ball(e, 0) consists of the (closed) edge e, and for n > 1, Ball(e, n) consists of all closed edges in 
X which meet Ball(e,ri — 1). 

We may now define the distance d{e, e') between edges e and e' of X to be if e = e', and to be n > 1 if 
e' e Ball(e, n) - Ball(e, n - 1). 

Two geodesic rays (that is, half-lines) a and a' in the tree X are said to be equivalent if their intersection 
is infinite. The set of ends of X is then the collection of equivalence classes of geodesic rays in X, under this 
relation. We say that an end is determined by a half-line a if a represents this end. 

The following result of Serre will be very useful for us. A group A is said to act without inversions on a 
tree X if for all g ^ A and all edges e g EX, if g preserves e then g fixes e pointwise. 

Proposition 6 (Serre, Proposition 19, Section 1.4.3 |23j). Let A be a finite group acting without inversions 
on a tree X. Then there is a vertex of X which is fixed by A. 

1.2. Bass— Serre theory. Let ^ be a connected graph, with sets VA of vertices and EA of oriented edges. 
The initial and terminal vertices of e e EA are denoted by Oqc and die respectively. The map e t-^ e is 
orientation reversal, with e = e and di-jC = dje for j = 0, 1 and all e € EA. 

A graph of groups A = (A, A) over a connected graph A consists of an assignment of vertex groups Aa for 
each a G VA and edge groups Ae = Ae for each e G EA, together with monomorphisms a^^ : Ae Adoe for 
each e G EA. See for example [5] for the definitions of the fundamental group 7ri(A, ao) and the universal 

cover X = (^, ao) of a graph of groups A = (A, A), with respect to a basepoint oq G VA. The universal 
cover X is a tree, on which 7ri(A, oq) acts by isometries inducing a graph of groups isomorphic to A. A graph 
of groups is faithful if its fundamental group acts faithfully on its universal cover. 

In the special case that A is a graph of groups over an underlying graph A which is a single edge e, we 
say that A is an edge of groups. Suppose d^e = ai and die ~ 02. Write Aq for the edge group Ae, and 
for i = 1, 2 let be the vertex group Aai- The fundamental group 7ri(A, ai) is then isomorphic to the 

free product with amalgamation Ai ^2, and the universal cover X — {A, ai) is an (m, n)-biregular tree, 
where m = [^1 : Aq] and n ~ [A2 : ^o]- Moreover, it follows from Proposition 1.23 of [2] that A is faithful if 
and only if for any normal subgroup N of Ae, if cteN is normal in Aai and a-^N is normal in Aa2, then N 
is trivial. 

1.3. Cocompact lattices. We recall some basic definitions and properties. Let G be a locally compact 
topological group with left-invariant Haar measure fi. A discrete subgroup P < G is a lattice if P\G carries 
a finite G-invariant measure, and is cocompact if P\G is compact. 

A well-known property of cocompact lattices that we will use is the following. 

Theorem 7 (Gelfand-Graev-Piatetsky-Shapiro [15|). Let G be a locally compact topological group, and T 
a cocompact lattice in G. If u G T, then = {gug~^ \ g G G} is a closed subset of G. 

Proof. This is a statement on p. 10 of [15]. □ 

We will also use the following normalisation of Haar measure. In Section 11.41 below we will apply this 
result to the Kac-Moody groups G that we consider. 

Proposition 8 (Serre, [24j ) . Let G be a locally compact topological group acting on a set S with compact 
open stabilisers and a finite quotient G\S . Then there is a normalisation of the Haar measure /i, depending 
only on the choice of G-set S, such that for each discrete subgroup T of G we have 

Mr\G) = Vol(P\\5) ^ 1 <oo. 

sGr\s ' 

Moreover, P is cocompact in G if and only if T\S is finite. 

Note that a subgroup P < G is discrete if and only if the stabilisers Pg, s G S, are finite groups. 
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1.4. Kac— Moody groups. We first in Section [1 . 4 . 1 1 explain how one may associate, to a generalised Cartan 
matrix A and an arbitrary field, a Kac-Moody group A, the so-called minimal or incomplete Kac-Moody 
group. In Scction ri.4.2l we specialise to rank 2 Kac-Moody groups over finite fields. Section ri.4.31 describes 
the completion G of A that appears in the statement of Theorem [T] above, and Section 11.4.41 discusses 
cocompact lattices in G. Our treatment of Kac-Moody groups is brief and combinatorial, and partly follows 
Appendix TKM of Dymara-Januszkiewicz |13j . For a more sophisticated and general approach, using the 
notion of a "twin root datum", we refer the reader to, for example, Capracc-Remy [9]. 

1.4.1. Incomplete Kac-Moody groups. Let / be a finite set. A generalised Cartan matrix A — {Aij)ij^i is 
a matrix with integer entries, such that An = 2, Aij < if i 7^ j, and Aij = if and only if Aji = 0. (If 
A is positive definite, then A is the Cartan matrix of some finite-dimensional semisimple Lie algebra.) A 
Kac-Moody datum is a 5-tuple (/, f), {a,;}ig/, {hi}i^i, A) where f) is a finitely generated free abelian group, 
ai e f), hi G IIom(f),Z), and Aij = hj(ai). The set 11 = {ajjie/ is called the set of simple roots. 

Given a generalised Cartan matrix A as above, we define a Coxeter matrix M = (mij)i^ji£i as follows: 
rriii = 1, and ii i ^ j then mij = 2, 3, 4, 6 or 00 as AijAji = 0, 1, 2, 3 or is > 4. The associated Weyl group 
W is then the Coxeter group with presentation determined by M: 

W = {{wi}i(zi I («7i«7j)"'^for ruij ^ 00). 

The Weyl group acts on f) via lu^ : /3 i-> f3~-hi{f3)ai for each /3 G f) and each i £ /. In particular, Wi{ai) ~ —ai 
for each simple root ai. The set $ of real roots is defined by $ = • 11. In general, the set of real roots is 
infinite. 

We will, not by coincidence, use the same terminology and notation for simple roots and real roots which 
are defined in the following combinatorial fashion. Let I be the word length on the Weyl group W , that is, 
l(w) is the minimal length of a word in the letters {wi}i^i representing w. The simple roots 11 = {ai}i^i 
are then defined by 

ai = {w £W \ e{wiw) > i{w)}. 
The set $ of real roots is $ = • 11 = {wai | w £ VF, £ 11}, and W acts naturally on $. The set $+ of 
positive roots is = {a G $ | Iw G o}, and the set of negative roots $_ is $\$_|_. The complement of a 
root a in VF, denoted —a, is also a root. As before, Wi{ai) = —ai for each simple root ai. 

We now define the split Kac-Moody group A associated to a Kac-Moody datum as above, over an 
arbitrary field k. The group A may be given by a presentation, which is essentially due to Tits (see p7]). 
and which appears in Carter |11] . For simplicity, we state this presentation only for the simply-connected 
group Au and then discuss the general case. Let (/, f), {aj jig/, {/lijig/, A) be a Kac-Moody datum and 
k a field. The associated simply- connected Kac-Moody group A^ over k is generated by root subgroups 
Ua — Ua(k) = {xa{t) | t S fc). One for each real root a e We write Xi{u) = Xa^iu) and X-i{u) = X-ai{u) 
for each u ^ k and i ^ I, and put Wi{u) = Xi{u)x-i{u~^)xi{u), Wi = Wi{l), and hi{u) = 'Wi{u)'w~^ for each 
u £ k* and i G I. A set of defining relations for the simply-connected Kac-Moody group A^ is then: 

(1) Xa(t)xa{u) = Xa{t + u), for all roots a g $ and all t,u € k. 

(2) If a, /3 G $ is a prenilpotent pair of roots, that is, there exist w,w' G W such that w{a) £ $+, 
w{l3) e $+, w'{a) G and w'{l3) G then for all t,u & k: 

[Xa{t),Xi3{u)] = Y\_ Xia+jpiCijaisfu^) 

id e N 

ia + jl3 e ^ 

where the integers Cijap are uniquely determined by id,OL,P, $, and the ordering of the terms on 
the right-hand side. 

(3) hi{t)hi{u) = hi{tu) for aU t,u € k* and all i G /. 

(4) [hi{t),hj{u)] = 1 for all t,u £ k* and i,j G /. 

(5) hj{u)xi{t)hj{u)~^ — Xi{u'^^H) for alH G fc, li G k* and i,j G /. 

(6) Wihj{u)w~^ — hj{u)hi{u~^'^) for all u £ k* and i,j G /. 

(7) WiXa{u)w~^ = x^.(^a)i^u) whcrc e G {±1}, for all u E k. 
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By a result of P.-E. Caprace (cf. 3.5(2) of j6]), any two split Kac-Moody groups of the same type defined 
over the same field are isogenic. That is, if A is any split Kac-Moody group associated to the same generalised 
Cartan matrix A as A^, and defined over the same field k, then there exists a surjcctive homomorphism 
i : A„ — A with ker(i) < Z(A„). The Kac-Moody group A so constructed is sometimes called the incomplete 
Kac-Moody group (for completions of A, see Section fl .4.31 below) . 

A first example of an incomplete Kac-Moody group A over a finite field is A = SLn{¥q[t,t^^]), which is 
over the field Fg, and is not simply-connected. 

Again, for a complete and proper definition of incomplete Kac-Moody groups we encourage the reader to 
consult various papers of P.-E. Caprace and B. Remy (cf. [H], [5]). 

We now discuss several important subgroups of the Kac-Moody group A. For any version (simply- 
connected or not), the unipotent subgroup of A is 

[/ = [/+ = ([/„ I ae$+). 

For All simply-connected, the torus 

T = {hi(u) \iel,u€ k*) 

is isomorphic to the direct product of |/| copies of k* . In general, the torus T of A is a homomorphic image of 
the direct product of |/| copies of k* . For all A, we define N to be the subgroup of A generated by the torus 
T and by the elements {wijig/ (where, in general as in the simply-connected case, Wi = Xq. (1)x_q,. (l)a;Q. (1) 
for all i G I). The standard Borel subgroup B ~ of A is defined by 

B = {T,U+) = {T, U). 

The group B has decomposition B = TkUj^=TkU (see [H]). 

The subgroups B and of A form a BA^-pair (also known as a Tits system) with Weyl group W ^ and 
hence A has a Bruhat-Tits building X. (In fact, the group A has isomorphic twin buildings, associated 
to twin _BA^-pairs {B+,N) and {B-,N), but we need only concern ourselves with the positive pair.) The 
chambers of X correspond to the cosets of B in A, hence A acts naturally on X with quotient a single 
chamber. For each apartment E of X, the chambers in E are in bijection with the elements of the Weyl 
group W. Each root a C W corresponds to a "half-apartment" . The construction of the building X for A 
of rank 2 is explained further in Section [1.4.21 below. 

1.4.2. Rank 2. We now specialise to the cases considered in Theorem[T] above. Let A be a generalised Cartan 

/ 2 —m\ 

matrix of the form A ^ \ „ , with m > 2. For m > 2 such an A has rank 2. If m = 2 then A is 



-m 2 

ajfine, meaning that A is positive semidcfinitc but not positive definite. For all such A (affinc and non-affine) 
the associated Weyl group W is 

W = {wi,W2 I wl^wj). 

That is, W is the infinite dihedral group. Let £ be the word length on W. The simple roots 11 ~ {01,02} 
are then given by, for i ~ 1,2, 

at ^ {w e W \ £{wiw) > £{w)} = {1, W3_i, W3_iWi, ws-iW^wa-i, . . .}. 

The set <I> of real roots is $ = {wai \ w G W,i = 1,2}. 

Now let A be an incomplete Kac-Moody group with generalised Cartan matrix A, defined over a finite 
field ¥q, where q = p°' with p prime. As A is a group with BN-paii, as described above, for i = 1,2, the 
parabolic subgroup Pi of A is defined by 

P, = BUBmB. 

Since Ji = {ai} is a root system of type Ai, and thus is of finite type, now [31] 6.2] applies. Hence, the 
group Pi has a Levi decomposition Pi = Li tK Ui. Here Ui = U D U'"' is called a unipotent radical of Pi, and 
the group Li is called a Levi complement of Pi. The Levi complement factors as Li ~ TMi, where T is the 
torus of A, and Mi = (t/o,; , ?7_q,J, that is, Ai{q) = Mi<iLi. 

To describe the building X for A, we first describe its apartments. Let E be the Coxeter complex for 
the Weyl group W (the infinite dihedral group). That is, E is the one-dimensional simplicial complex 
homeomorphic to the line, with vertices the cosets in W of the subgroups (wi), for i = 1,2. Two vertices 
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w{wi) and w' {W2) of S are adjacent if and only if w^^w' = Wi for i = 1 or 2. Observe that the set of real 
roots $, described above, is in bijection with the set of half-lines in E. The apartments of the building X 
are copies of the Coxeter complex E for VF, and so X is a simplicial tree, with the roots corresponding to 
"half-apartments" . The chambers of X are the edges of this tree. Since A has symmetric generalised Cartan 
matrix A and is defined over the finite field Fq, the building X is a, {q + l)-regular tree. 

1.4.3. Completions of A. Wc are finally ready to describe the main object of our study: the locally compact 
topological Kac~Moody groups. In order to do this we will have to define a topological completion of the 
incomplete Kac~Moody group A. It turns out that there are several completions appearing in the literature. 
For example, Carbone-Garland [lOj defined a representation-theoretic completion of A using the 'weight 
topology'. A different approach by Remy and Ronan, appearing for instance in [22], is to use the action of 
A on the building X, as follows. The kernel K of the A-action on X is the centre Z{A), which is a finite 
group when A is over a finite field (Remy [21]). The closure of h/K in the automorphism group of X is then 
a completion of A. For example, when A = S'L„(Fq[i, t~^]), the centre Z{K) is the finite group /in(Fg) of 
nth roots of unity in F,, and the completion in this topology is S'L„(Fg((t~^)))//i„(Fg) = PSLni^q{{t~^)))- 
To avoid dealing with representation-theoretic constructions or with quotients, we are going to follow the 
completion in the building topology, defined by Caprace and Remy in [9]. 

So, let A be an incomplete Kac-Moody group over a finite field, as defined in Section 11.4.11 above. We 
now describe the completion G of A which appears in Theorem [T] (for A with generalised Cartan matrix A 
as in Scction ri.4.21 above). 

Let c-|_ — be the chamber of the Bruhat-Tits building X for A which is fixed by i? = B+. For each 
n G N, wc define 

U+,n = {g G U+ I g.c = c for each chamber c such that d(c, c+) < n }. 

That is, U+^n is the kernel of the action of C/+ = U o\i Ball(c+, n). We now define a function dist_|- : A x A — > 
M+ by dist+(g,/i) = 2 iih-^g ^ U+, and dist+(g,/i) = 2"" ifg~^h e U+ and n = max{A: e N | g^^h G U+^k}- 
It is not hard to see that dist+ is a left-invariant metric on A (see [S]). Let G be the completion of A with 
respect to this metric. The group G is called the completion of A in the building topology, and we will refer 
to G as a topological Kac-Moody group. For example, when A = S'L„(Fg[i, t~^]), the topological Kac-Moody 
group G is G = ^L„(F,((t-i))). 

Some properties of topological Kac-Moody groups that we will need are gathered in Proposition [9| below. 
We state these results only for G as in Theorem [T] above, although they hold more generally. 

Proposition 9. Let G be a topological Kac-Moody group as in Theorem]^ above, with G being the completion 
in the building topology of an incomplete Kac-Moody group A. 

(1) G is a locally compact, totally disconnected topological group. 

(2) Let B, U, Pi and Ui be the closures in G of the subgroups B = B^, U = [/+, Pi and Ui respectively 
of A. Then B ^ T k U and Pi = Li k U,. 

(3) {B,N) is a BN-pair of G. The corresponding building is canonically isomorphic to X, and so by 
abuse of notation we will denote it by X as well. The kernel of the action of G on X is the centre 
Z(G), and Z{G) = Z{K). 

Items ^ and ([3]) are established by Caprace-Remy in [9] , and item ([2]) in [9] and [8] . 

We will refer to B as the (standard) Borel subgroup of G, and to Pi and P2 as the (maximal or standard) 
parabolic subgroups of G. Alternatively, we may say that B is the Iwahori subgroup of G, and Pi and P2 are 
the parahoric subgroups of G, by analogy with terminology for G = SL2(¥q{{t^^))). To simplify notation, 
when the context is clear we will write B, Pi and P2 for the Borel and maximal parabolic subgroups of the 
topological Kac-Moody group G, rather than respectively B, Pi and P2. 

1.4.4. Cocompact lattices in G. Let G be as in Theorem [1] above, with Bruhat-Tits building the tree X. By 
definition, the vertices of X may be described by VX = G/Pi U G/P2, and the edges of X by G/B (here, 
we are abusing notation to write B, Pi and P2 for the standard Borel/Iwahori and parabolic/parahoric 
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subgroups of the completed group G). It follows that in the G-action on X, the stabiliser of each vertex of 
X is a conjugate of either Pi or P2, and the stabiliser of each edge of X is a conjugate of B. 

The action of G on the vertex set VX thus satisfies the hypotheses of Proposition |5] above. Hence T < G 
is discrete if and only if F acts on X with finite vertex stabilisers, and T < G discrete is a cocompact 
lattice in G if and only if r\X is a finite graph. Thus F < G is an edgc-transitive lattice if and only if F 
is the fundamental group of an edge of groups A as in the introduction, with Aq, Ai and A2 finite groups. 
Moreover, the covolume of such a F is the sum 

In particular, if F' is an edge-transitive lattice in G of minimal covolume (such as the lattices in G = 
SL2{¥q{{t~^))) constructed by Lubotzky in |T9]), and F = Ai *Ao ^2 is another edge-transitive cocompact 
lattice in G, then < \A[\ for i = 1,2. 

Note that, by construction, G acts without inversions on its Bruhat-Tits tree X . It follows from Propo- 
sition |6] above that if A is a finite subgroup of G, then A is contained in (a conjugate of) a standard 
parabolic/parahoric subgroup Pi of G. 

1.5. Finite groups. In our quest for the cocompact lattices of Kac-Moody groups, we will need to look at 
the finite subgroups of G. The following celebrated result of L.E. Dickson and its corollary will be especially 
useful for us. 

Theorem 10 (Dickson, 6.5.1 of [TT]). Let K = PSL2{q), where q ^ p"^ > 5 and p is a prime. Set 
d = (2,q — 1). Then K has subgroups of the following isomorphism types (in the indicated cases), and every 
subgroup of K is isomorphic to a subgroup of one of the following groups: 

(1) Borel subgroups of K , which are Frobenius groups of order q{q — l)/d; 

(2) Dihedral groups of orders 2(q — l)/rf and 2{q + l)/d; 

(3) The groups PGL2{p^) (if 2b \ a) and PSL2{p^) (if b is a proper divisor of a); 

(4) The alternating group A^, if 5 divides \K\; 

(5) The symmetric group S4 , if 8 divides \K\; and 

(6) The alternating group A4. 

Corollary 11. Let I\ = SL2{q), where q = p"^ with p a prime, and suppose A is a proper subgroup of K . 

Lf p = 2 and q + 1 divides \A\, then either A = Gq+i, a cyclic group of order q + 1, or A ^ 152(3+1), a 
dihedral group of order 2{q + 1). 

Lfp is odd and the image of A in K/Z{K) = PSL2{q) has order divisible by q+\, then Z{K) = {—I) < A. 
Moreover, either A is a subgroup of K of order 2(g+ 1) such that A/Z[K) = -Dq+i, a dihedral group of order 
g-l- 1, or one of the following conditions hold: 



(1) 


9 = 


5, v4 = 52.2(3), 


(2) 


9 = 


7, A^ 2Sa, 


(3) 


9 = 


9,A = SL2{h), 


(4) 


9 = 


11, A ^ 5^2(3) orA^ SL2{5), 


(5) 


9 = 


19,A^SL2i5), 


(6) 


9 = 


23, A ^ 2Si, 


(7) 


9 = 


29, A ^ SL2{5), 


(8) 


9 = 


59, A ^ SL2I5). 



Proof. Suppose that p = 2. Then d = 1 and SL2{q) = PSL2{q). Assume first that 5 > 5. Then \i q + \ 
divides Dickson's Theorem asserts that both G^+i and I?2((j+i) are the obvious candidates for the role 
of A. If not. A would be one of the following groups: A^, S4 or A^. Then q + 1 would divide 12, 24 or 60. 
Since g is a power of 2 and 9 > 5, this is not possible, proving the result. Otherwise q £ {2,4}, and the 
result follows immediately from the structure of = SL2(2) = S3, and K = 5^2(4) = A5. 

Suppose now that p is odd. This time d = 2 and the image of A in PSL2 (9) is a group of order divisible 
by q + 1. Since \A\ is even while K contains a unique involution — /, (— /) = Z{K) < A. If g > 5, using the 
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same argument as above, we obtain the desired conclusion. Otherwise q = '6 and K = SL2{S) = QsCa, and 
the result follows immediately. □ 

Finally, we might also need another result of L.E.Dickson about the subgroups of PGL2{q) stated in the 
following from in [S]. 

Theorem 12 (Theorem 2 of 0). Let q = e mod 4 where e ~ ±1. The subgroups of PGL2{q) are as follows. 

(1) Two conjugacy classes of cyclic subgroups C2. 

(2) One conjugacy class of cyclic subgroups of Cd where d \ (q ± e) and d> 2. 

(3) Two conjugacy classes of dihedral subgroups D4 (only one class contained in the subgroup PSL2{q)). 

(4) Two conjugacy classes of dihedral subgroups D2d, where d \ and d > 2 (only one class contained 
in the subgroup PSL2{q)). 

(5) One conjugacy class od dihedral subgroup D2d, where (q ± e)/d is an odd integer and d > 2. 

(6) Subgroups A4, S4, and when q = ±1 mod 10. There is only one conjugacy class of any of these 
types of subgroups and all lie in the subgroup PSL2{q) except for S4 when q = ±3 mod 8. 

(7) Subgroups PSL{2,p"^), PG'L(2,p™), the elementary Abelian group of order p™ and a semidirect 
product of the elementary Abelian group of order p™ and cyclic group of order d, where m < log^ q, 
d\q-l and d I p" - 1. 



2. Embedding amalgams in G 

Let F = j4i *Ao ^2 be an amalgam of finite groups. In this section we describe two methods that we 
will use to determine whether F embeds in a Kac-Moody group G as in Theorem [1] above as an edge- 
transitive cocompact lattice. In Section [23] we present a special case of Bass' covering theory for graphs of 
groups (see [2]), and in Section 12.21 we prove Lemma |4] of the introduction, which generalises Lemma 3.1 of 
Lubotzky [19] on embedding amalgams into the group G = SL2{¥q{{t~^))). 

2.1. Coverings of graphs of groups. Lemma[T3lbelow is a special case of Bass' covering theory for graphs 
of groups P]. Coverings $ of graphs of groups are defined in Section 2.6 of [5]. The notion of covering that 
we use in the statement of Lemma [13] below is a simplification of this definition, and is equivalent to the 
covering 9$ defined in Section 2.9 of [2]. As explained in Section 2.9 of [2j, 9(f> is a covering if and only if 
<f> is a covering (in the original sense of Section 2.6 of [2]). Moreover, given a (simplified) covering as below, 
it is not hard to construct a covering in the original sense. Hence we may work with this less complicated 
definition. 

Lemma 13. Let 

A _ ^1 A2 



Ao 

be a graph of finite groups, defined with respect to monomorphisms ai : Aq Ai for i — 1,2. Let G be as in 
Theorem [Ij above and let G be the graph of groups 

B 

induced by the action of G on its Bruhat-Tits tree X, where for i = 1,2, the monomorphism (pi : B Pi is 
inclusion. The following are equivalent. 

(1) The amalgam V ~ Ai A2 embeds as a cocompact edge-transitive lattice in G. 

(2) There is a covering of graphs of groups <f> : A — > G. That is, there are monomorphisms 

po : Aq '-^ B and pi : Ai ^ Pi for i = 1, 2 



such that: 
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(a) for some 6i G Pi and 62 ^ P2, the following diagram commutes: 



A, ^ An ^ An 



pi 



ad((5i)o0i 



Po 



ad(52)o02 



P2 



Pi ^ — B — ^ P2 

where for z = 1, 2 and g G Pi, a.d{6i){g) = 5igS^^ ; and 
(b) for i — 1,2 the map of cosets 

A,/a,{Ao) P^/MB) 

induced by 

g Pi{g)Si 

is a bijection. 

Proof. A covering of graphs of groups induces a monomorphism of fundamental groups and an isomorphism 
of universal covers (see Proposition 2.7 of [2]). The equivalence between ((T|) and ([2|) in Lemma fT3l then 
follows by Proposition [5] above applied to the action of G on X (see Section FOl above) . □ 

2.2. Generalisation of a method of Lubotzky. In [12], Lubotzky studied the lattices of SL2{K), for K a 
nonarchimedean local field. An important tool in his work is Lemma 3.1 of [TH], in which he gives a sufficient 
condition for an amalgam of two finite subgroups of SL2{K) to be a cocompact lattice in G. In Lemma |4l 
stated in the introduction, we generalise this lemma, and also prove the converse of this generalisation. Our 
proof differs in some details from that of Lubotzky. For convenience we restate Lemma 3] here. 

Lemma 14. Let qi and q2 be positive integers and let X be the {qi + 1,(72 + 1) -biregular tree. Let G be 
a locally compact group of automorphisms of X , which acts on X with compact open stabilisers and with 
fundamental domain an edge {xi,X2), where for i — 1,2 the vertex Xi of X has valence qi + 1. 
Suppose for i = 1, 2 that Ai is a finite subgroup of the stabiliser Gx^ such that: 

(1) Ai acts transitively on the set of qi + 1 neighbours of Xi in X; and 

(2) StabA,(a;3-,;) = Ai n A2. 

Then F = {Ai, A2), the group generated by Ai and A2, is a cocompact lattice in G, with fundamental domain 
the edge {xi,X2). Moreover, F is isomorphic to the free product with amalgamation T ^ Ai *Air\A2 ^2, md 
= Ai . 

Conversely, suppose T is a cocompact lattice in G with fundamental domain the edge {xi,X2). Let Ai = F 
Then T ^ Ai *AinA2 ^2, o-nd Ai is a finite subgroup of Gx^ such that ([T]) and ^ hold. 



Xi ■ 



Proof. Let A be the abstract free product with amalgamation A = Ai *AinA2 ^2 and let (^9 : A ^> F be the 
homomorphism onto F. Let ui, . . . , a^^ (respectively, bi, . . . ,bq^) be representatives of the nontrivial cosets 
of Ai n A2 in Ai (respectively, A2). A word w € A then has normal form w = cii-^bj-^ ■ ■ -ai^bj^c where 
c E Ai D A2, and possibly Oi^ = 1 or 6^^ = 1. 

Let e be the edge {xi,X2). We claim that d{(p{w)e, e) > t for all w S A with normal form as above. For 
t = we have ip{w) = (p{c) € Ai n A2, hence (p{w) fixes e, and so d{ip{w)e, e) = d{e,e) = 0. For < = 1, 
if flij = 1 (respectively, 6^^ — 1) then d{(p{w) ■ e,e) = 1 since the edge f{w) ■ e will share the vertex X2 
(respectively, xi) with e. Otherwise, if neither a^j nor bi^ is trivial, we have d(tp(w) • e, e) = 2 > 1. 

For t > 2, assume inductively that for w' — Oi^bi^ ■ ■ ■ ai^bi^c, the distance d{(p{w')e, e) > t — 1. Note that 
the edge path from e to ip(w')e has the vertex xi in its interior since Oi^ =/= 1. Applying the clement ip(bi-^), 
which fixes X2 and does not fix e, we obtain d{(p{bij^)(p{w')e, e) > (i — 1) + 1 > i, and hence (whether or not 
flij is trivial) we conclude that d{(p{w)e, e) >t as claimed. 

In particular, we have shown that ip(w)e 7^ e unless w G Ai n A2. Suppose now that ip{w) = 1. Then 
d{(p{w)e, e) = and so w G Ai D A2, but the map ip is injective on Ai D A2, and thus w = 1. Hence A is 
isomorphic to F, and we have that F is discrete. Suppose g £ F^;. . If g fixes e then g G Ai n A2, and if g 
does not fix e then g is contained in some coset of Ai n A2 in Ai. Hence F^;. = Ai. 
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We claim that F acts transitively on the edges of X. By induction, every edge of X at distance s > 1 
from e can be written as g ■ e, where g G F is a word of length s with letters alternating between ai and hj. 
Hence F acts transitively on the edges of X . This completes the proof of one direction of the lemma. 

For the converse, the isomorphism T = Ai *AinA2 ^2 is a standard result of Bass-Serre theory. The 
inclusion Ai < G.^. holds because F < G. Properties ([1]) and ([2]) hold since F acts transitively on the set of 
edges of X, with fundamental domain the edge {xi,X2)- O 

3. Proof of Theorems [U and [2] for 5^2 (IF, ((i"^))) 

We are now ready to proceed with a proof of our main results. In this section, we provide a proof of 
Theorems [1] and [2] above for the case G = SL2{K), where K = ¥q{{t~^)) with q = p a prime. We first 
restate Theorems [T] and [2] for this case. Then in Proposition [TS] below, we use the Levi decomposition of the 
parahoric subgroups Pi of G, together with finite group theory, to restrict the possible vertex groups Ai and 
A2 in a cocompact edge-transitive lattice T = Ai *Ao ^2 in G. The remaining argument is subdivided into 
two cases: p = 2, where we apply Lemma [T51 above, and p odd, where we use Lemma [T^ 

Theorem 1'. Let G = SL2{K) with K = ¥q{{t-^)) where q = p" with p a prime. 

(1) Ifp ~ 2, then (up to isomorphism) there is only one edge-transitive cocompact lattice F in G, namely, 
the amalgam of cyclic groups F = G^+i * Gg+i . 

(2) If p is odd and q = l (mod 4) , then G does not contain any edge-transitive cocompact lattices unless 
q = p Cz {5, 29} , in which case T = Ai *Ao ^2 where 

(a) if q = 5, Ai ^ A2= SL2{3) and Aq = G4; and 

(b) ifq = 29, Ai9^A2^ 5X2(5) and ^ G4. 

(3) If p is odd and q = S (mod 4), the following are the only edge-transitive cocompact lattices F in G: 

(a) for all such q, T = Ai *Ao ^2 where for i = 1,2, Ai is a subgroup of order 2{q + 1) isomorphic 
to the normaliser of a non-split torus in SL2{q), and Aq = C2. 

(b) Ifq^7,T^Ai *Ao M where Ai ^ A2 ^ 2S4 and Aq-Gq. 

(c) If q ~ 11, F = j4i *Aa A2 and one of the following holds: 

(i) Ai=A2 = 5L2(3) and Ao ^ G2, 

(ii) Ai^A2 = SL2{5) and Aq ^ Gio- 

(d) // g = 19, F = Ai *Ao M where Ai ^ A2 ^ 6*^2(5) and Aq^Gq. 

(e) //g = 23, F = Ai *Ao M where ^1=^2= 28^ and = G2. 

(f) If q = 59, V ^ Ax KAo M where ^1=^2 = SL2(h) and = G2. 

Proof. Suppose the amalgam of finite groups T = Ai *Ao ^2 is a cocompact edge-transitive lattice in G. 
Since the Bruhat-Tits building X for G is a (q-l- l)~regular tree, it follows that the edge group Aq has index 
(J + 1 in both of the vertex groups Ai and A2. By Lemma [T51 or Lemma [HI above, for i = 1,2 there are 
injective group homomorphisms Ai "-^ Pi, where Pi is a standard parahoric subgroup of G. Hence Ai and 
A2 are finite subgroups of G of order divisible by {q -\- 1). Since the action of G on its Bruhat-Tits tree 
X is not faithful if p is odd (it is faithful when p = 2), we must take the kernel of the action Z{G) into 
consideration. Thus what we are really looking for are finite subgroups Ai of G for i = 0, 1,2, such that 
when we look at their images Ai in G/Z{G) = PSL2{K), Aq has index [q + 1) in both Ai and ^2, and the 
images Ai and A2 in G/Z{G) have orders divisible by {q + 1) as well. 

Proposition 15. Let G = SL2{¥q{{t-'^))). If X is a finite subgroup of G such that \XZ{G)/Z{G)\ is 
divisible by {q + 1), then X > Z{G) and X is isomorphic to a subgroup A of SL2{q) listed in the conclusions 
to Corollaru \ll\ above. 

Proof. By Proposition [6] above, each finite subgroup of G sits inside a standard parahoric subgroup of G, 
which is isomorphic to P = 5'_L2(]F<j[[t~^]]). Notice that Z{G) = (— /) is contained inside any standard 
parahoric subgroup of G. 

The group P may be written as the semi-direct product, with respect to the conjugation action, of 

'a b\ (\ 0^ 



L = SL2{q) and J7 = <; ( ^ \ \ ^ P 



c 



c 



d ~ \0 1 



mod t 
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mod t 



Here, U is the principal congruence subgroup of P and is an infinite pro-p group. It contains a natural 
chain of subgroups 

U = Ui>U2> ■■■>Ui> ■■■ 

where 

6\ /I 0^ 
d)-[0 \ 
We will need the following well-known facts. 

Lemma 16. The chain of subgroups Ui has the following properties: 

(1) ac^. = {i}- 

(2) Each Ui is a normal subgroup of P. In particular, each Ui contains f/i-|_i as a normal subgroup, and 
each Ui is invariant under the conjugation action of L. 

(3) For each i, the quotient group Ui/Ui+i is an elementary abelian p-group. 

(4) The quotient Ui/Ui+i has the structure of an L-module, induced by the conjugation action of L on 
each Ui. 

Lemma 17. Let g E G be an element of order p. Then g is G-conjugate to , for some b G Fg((t^^)) 

with b ^ 0, and its centraliser Caig) is an elementary abelian p-group. 

Proof. As is well known, as an algebraic group G — SL2{¥q{{t~^))) is a group with a BA^-pair of rank 1. Its 
standard Borcl subgroup is B, the group of upper triangular matrices in G, which in turn has a unipotent 
radical U, the group of strictly upper triangular matrices. 

If g G G is an element of order p, (g) is a closed unipotent subgroup of G. We may now apply the Borel-Tits 
Theorem g], to conclude that (g) < for some /i G G (in fact, g€U^ <B^), and Coig) < NcHg)) < B'^. 
Now simple matrix calculation finishes the proof. □ 

We now use Lemmas [TBI and [T7l above, together with Corollary [TT] above . to prove Proposition[T5l Assume 
there is a finite subgroup A of P such that {q+1) divides |AZ(G)/Z(G)|. Then in particular, \X\ is divisible 
by (g + 1). If A n [/ = 1, then A is isomorphic to a subgroup of L = SL2{q). Using Corollary [TT] and the 
fact that Z{G) ~ Z{L) = {—I) we obtain the desired conclusion. 

We therefore assume by contradiction that X CiU ^ 1, and so since U = Ui, we have that X DUi ^ 1. 
By part ([T]) of Lemma [TBI it follows that A H J7„ = 1 for some n > 1. Choose the smallest such n. The 
group X is then isomorphic to a subgroup Y oi P := P/Un, with [/„ a proper subgroup of U. Now P = LU 
where L = SL2{q) and U = U/Un is a (nontrivial) p-group. Since Y < P and (g + 1) | 1^1, and since Y CiU 
is a p-group, we have that Y/Y CiU = YU/U is isomorphic to a finite subgroup of SL2{q) of order divisible 
by (g + 1). 

Using Corollary [TT] together with the Schur-Zassenhaus Theorem (cf. [1]) we obtain that Y must contain 
a subgroup Z such that either Z = Gg+i, or Z is non-abelian of order coprime to p and divisible by g + 1 (if 
g = 9, take Z = Gio < SL2{5) < SL2{9)). Also, Z O U = 1. Without loss of generality we may assume that 
Z <L. 

By the minimality of n, we have that H :~ X n Un~i =/= Hence, iJ is a non-trivial normal subgroup of 
A. Since HUn < Un-i and H O Un ~ 1, we have H ~ HUn/Un < Un~i/Un. Now Lemma [TBI (4) implies 
that H is a non-trivial elementary abelian p-subgroup of A normalised by Z' where Z' ^ Z is the preimage 
of Z in A. 

Let h E H he any nontrivial element. Then ft, is a genuine element of order p of G. By Lemma [TTI above, 
we may assume without loss of generality that h E U (the group of strictly upper triangular matrices in 
G = S'L2(Fq((t-i)))). Moreover Coih) = U. But H < CgQi) since H is abelian, that is, H <U. Hence 
Cg{H) = Consider the normaliser Ng{H). Since Cg{H) is normal in Ng{H), we have that U is normal 
in Ng\h), and thus Ng{H) < Ng(U). But Ng(U) = B. In particular, Z' < B. Since Z' is either cychc of 
order g -I- 1, or is non-abelian of order co-prime to p, this is impossible. 

Thus the assumption that X D U 1 leads to a contradiction, and we have completed the proof of 
Proposition [TSl □ 
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In order to complete the proof of Theorem 1', we subdivide the remaining argument into two cases: p = 2 
and p odd. 

3.1. Case p = 2. 

Proposition 18. If p = 2, the appropriate conclusions of Theorem 1' hold. That is, the only cocompact 
edge-transitive lattice in G ^ S L2{¥ q{{t^^))) is the free product T = C'q^i * C^+i, where Cg+i is the cyclic 
group of order q + I. 

Proof. Assume that p = 2. Then by Proposition [TSl and Corollary [Til above, the vertex groups Ai and A2 of 
r are either both isomorphic to Cq+i, or both isomorphic to the dihedral group £'2(<j+i) of order 2{q + 1). 
Wc first show that the amalgam with vertex groups -D2((}+i) is not a cocompact edge-transitive lattice in G. 
By Lemma [T3l above, it suffices to prove the following proposition. 



Proposition 19. Let A be the edge of groups 
There is no covering of graphs of groups $ : A 



C2 



D 



2(g+i) 



Proof. Assume by contradiction that such a covering $ : A 
subgroups of G are Pi = S'-L2(Fq[[t^^]]) and 



, where G is the edge of groups for G ~ Pi *b P2- 

J exists. Recall that the standard parahoric 



P2 -- 

and that the Iwahori subgroup of G is 

B = Pi n P2 = 



a tb 
t-^c d 



a b 
c d 



a b 
c d 



ePi 



ePi 



EE mod t"^ 



Let the edge group ^0 — C2 be generated by an involution s. The vertex groups of A may then be given 
by the presentations 

A, = {S, I s2 ^ t2 = {stiy'+^ D2(q+i) 

for i = 1,2. 

Let pq : Af) '-^ B and pi : Ai ^ Pi {i = 1, 2) be the monomorphisms as in Lemma [131 It follows that the 
elements po{s) € B, pi(ti) G Pi and ^2(^2) € P2 must all be involutions. By condition ((2a|) in Lemma [131 
we have that for z = 1 , 2 

(1) p,{s) ^ d,pois)Sr\ 

Now applying condition (12bp of Lemma I13[ we observe that for i = 1,2, the elements 1, ti and sti 
represent three distinct cosets of Aq = (s) in Ai — {s,ti). Hence the elements Si, pi(ti)Si and Pi{s)pi{ti)Si 
must represent three distinct cosets of B in P,. Let 

li = Si^Pi{ti)5i. 

Then 7^ is an involution of Pi, but 7, ^ B. Similarly, applying Equation ([1]) above, we have that 

(2) {pi{ti)6i)~^ pi{s)pi{ti)6i = pi{ti)5ipo{s)5~^ pi{ti)5i = jipo{s)ji 

is an involution of Pi — B. 

We next record the form of involutions oi B, Pi — B and P2 ~ B. 

Lemma 20. The involutions of the edge group B are as follows: 

'I 0^ 



c 1 



u 



a b 
c a 



i,b,ce¥q[[t-^]], bj^O, c^O, t-^\c, a^ + bc=l 



The involutions of the vertex groups Pi and P2 which are not contained in the edge group B are as follows: 



COCOMPACT LATTICES IN RANK 2 KAC-MOODY GROUPS 



15 



(1) {gePi-B 
'I 



u 



,c 1 

h 

c a 
(2) {geP2-B 
1 6 
1 
a b 
c a 



= 1} = 



a,6,c e F,[[<-i]], b^O, Cy^O, t-^\c, a^ + bc = l 



U 



r = i} = 

a,c e F,;[[t-i]], b = + 6o + + ••• , 6_i ^ 0,C7^ 0, fc, + 6c = 1 [> . 



Continuing with the proof of Proposition [THl suppose first that 



Pais) 



1 b 
1 



with 6^0. Noting that involutions of P2 have diagonal entries equal, we may let 



72 



9 e 



ePo-B. 



72Po(s)72 = 



Using + /(? = 1 ; we compute 

'l + beg be^ 
bg^ 1 + beg. 

Now 6, e e Fg[[i^-'^]] hence G Fg[[t~-'^]]. But this contradicts 72^0(^)72 G -P2 — -B. So po(s) cannot be 
upper triangular. A similar computation using 71 shows that po{s) cannot be lower triangular. 
We are left with the possibility that 



Pais) 



a b 

c a 



e B. 



For i = l,2 let 



We compute 



7i = 



eP^-B. 



liPo{s)li 



+ beigi + ce^/i 6ef + c/f 
6gf + cef a + feciffj + ce^/j 

Since 7ipo(s)7i & Pi — B, we have that t^^ \ bg\ + ce^. As pq{s) e B, we have \ c, so t^^ cannot divide 
b. Since b e ¥q[[t-^]], it follows that 



b = bo + bit 1 H 



with 60 7^ 0. Now 72^0(5)72 ^ P2 — B, so 



be^ + c/2 = fc_ii + ■ • ■ 

with the coefficient fc_i ^ 0. Since 6,62 G Fg[[t^^]], the leading term k-it must come from c/|. Now 
72 G -P2 — so /2 = i-it + • • • with Z_i ^ 0. Hence 

c = mit~^ + • • • 

where miP_i ~ fc-i, in particular ?7ii 7^ 0. We now have 

l = a^ + bc={ao + aiir^ H )^ + (60 + bi^^ + ■■■ ){mir^ + •••) = + "i*"^ + ^ V^iit"^ + • • • 



and the right-hand side can never equal 1, a contradiction. 

We conclude that there is no covering of graphs of groups <& : . 



□ 
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Since the amalgam of dihedral groups D2(g+i) cannot embed as a cocompact edge-transitive lattice in G, 
the only possibility remaining is the amalgam of cyclic groups F = Cg+i * Cq+i. Lubotzky proves that this 
amalgam does embed as a cocompact lattice in G (Theorem 3.3 of fl9|): alternatively one may easily construct 
a covering of graphs of groups as in Lemma [T3l above. This completes the proof of Proposition 1181 □ 

We remark that Proposition [18] above could have been proved using different results. For example, 
Lubotzky showed in |19| that the free product F = Cg+i * Cg+i is the cocompact lattice of minimal covolume 
in G (when p = 2). By the discussion of covolumes in Section [1.4.41 above, it follows that an amalgam with 
vertex groups -D2(g+i) cannot embed in G, since |D2((;+i)l > |C'g+i|. Now, Lubotzky's result relied upon 
Theorem [7] above. It follows (with some work) from Theorem [7] that a cocompact lattice F in G cannot 
contain involutions, which also rules out the amalgam with vertex groups £'2(5+1). 

3.2. Case p odd. 

Proposition 21. If p is odd, the appropriate conclusions of Theorem V hold. 

Proof. Notice that in this case Z{G) = C2 and Z{G) < Pi. In fact, Z{G) is the unique subgroup of Pi of 
order 2. Now Proposition [T51 together with Corollary [TT] imply that Ai n A2 contains Z{G). and that for 
« = 1, 2 both of the Ai arc isomorphic to one of the subgroups listed in the conclusions to Corollary [11] 

Suppose first that q — i (mod 4). If Ai is isomorphic to a normaliser of a non-split torus in SL2{q), then 
just as Lubotzky in the proof of Lemma 3.5 of [19], we may conclude that T — Ai *Ao A2 with Aq = Z{G) 
is a cocompact edge-transitive lattice in G. In fact, if p ^ {7, 11, 19, 23, 59}, Lubotzky shows that F is the 
cocompact lattice of minimal covolume. For p S {7, 11, 19, 23, 59}, again Lubotzky's argument shows that 
all the possibilities listed in Theorem 1' hold, and in fact unless p = 11 and Ai = 5^2 (3), they all are the 
cocompact lattices of minimal covolume in G. 

Assume now that q = 1 (mod 4), and that Ai has order 2{q + 1) and is such that A/Z{H) = 
This time the argument of Lemma 3.5 [19] will not work, because as was shown in [2^, Ai does not act 
transitively on the neighbours of Xi. In fact, now Lemma [HI above implies that G does not contain edge- 
transitive cocompact lattices unless possibly one of the following holds: q = 5 and ^1=^2 = SL2{3), or 
q € {9,29} and Ai = A2 = SL2{5). If (7 = 5, then indeed Ai = SL2{3) acts transitively on the neighbours 
of Xi, as \Ai n StabG(a;3-i)| = 4 = \Ai n ^2], and so \Ai : Ai n StabG(a^3-i)l = 6 = g + 1, which means 
the conditions of Lemma [141 are satisfied. The obtained cocompact lattice is yet another from the series of 
examples of Lubotzky of lattices of minimal covolume. Similarly, ii q = 29, Ai = SL2{5) acts transitively on 
the neighbours of .t,; as \Ai f) StabG(x3_i)| = 4 = \Ai D A2I, and so \Ai : Ai f) Sta{x3-i)\ = 30 = q + 1, and 
again the resulting lattice is the one of minimal covolume. 

Finally, suppose q = 9 and Ai = 5X2(5). Assume T = Ai *AinA2 ^2 is a cocompact edge-transitive lattice 
of G. Take it £ of order 3. By Lemma [TT] u is conjugate to an element of U, and so without loss of 

generality we may assume that u ElA. And so u = for some b G Fq((t^^)). Consider a sequence of 

elements {gn} C B with := ( ^ ^„ 1 . Then gnug^^ ^ \ 1 ) ' ^l'^^^^^' as n 00, gnug^^ lo- 
in particular, u'^ is not closed, which contradicts Theorem [7] above. Hence F is not a cocompact lattice in 
G. We have now completed the proof of Proposition [5T] □ 

A combination of Propositions [T51 and [^ now completes the proof of Theorem 1'. □ 
4. Proof of the Main Result for Kac-Moody Groups 

In this section we give a proof of our main result in its general setting. Let G be a topological Kac-Moody 

/ 2 — m\ 

group of rank 2 with symmetric Cartan matrix I ^ \,m>2, defined over a field F = Fg with q ~ p"", 

where p is a prime. Suppose F is a cocompact edge-transitive lattice in G with quotient a single edge. Since 
G naturally acts on its Bruhat-Tits building X, which in this case is a (g + l)-regular tree, we may apply 
Lemma [HI to conclude that T = Ai *Ao A2 where Ai and A2 are finite groups of order divisible by {q + 1), 
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since the edge group Aq has index {q + 1) in both Ai and A2. Again the action of G on its Bruhat-Tits tree 
does not have to be faithful, and so we must take the kernel of the action Z{G) into consideration. Thus 
what we are really looking for are finite subgroups of G for i — 0, 1, 2, such that when we look at their 
images Ai in G/Z{G), Aq has index {q + 1) in both Ai and A2, and both Ai and A2 arc finite subgroups of 
G/Z{G) of order divisible by {q + 1). 

We first show in Section ITT] below that F does not contain p-elements (Proposition [5] of the introduction). 
We will then use this to prove Proposition |4l] below, which restricts the possible finite subgroups Ai and 
A2., in analogy with Proposition [TS] for the case G = SL2{¥q{{t^^))) in Section [3] above. 

4.1. Cocompact lattices do not contain p— elements. In the section we prove the following result, which 
was stated as Proposition [S] of the introduction. 

Proposition 22. If T is a cocompact lattice of G, T does not contain p-elements. 

Since |-^(G)| | {q — 1)^, while we are talking about p-elements, without loss of generality we may assume 
that Z{G) = 1, i.e., G is simple. To begin the proof, assume there exists x G T with = 1 ^ x. Since 
X is an element of finite order, by the celebrated result of Serre (Proposition [S] above), x is contained in a 
parabolic/parahoric subgroup of G. Hence, without loss of generality we may suppose that x G B+, a Borel 
(Iwahori) subgroup of G. In fact, as = (see Proposition [9] above) , we have x £ [/+. We now, in 

Sections 14. 1 . lltlTT31 below, prove the following important lemma: 

Lemma 23. Let x be a p-element of [/+. Then x fixes an end of X . 

In Section |4?2] we will use Lemma [23] and its proof to establish a contradiction, and so complete the proof of 
Proposition [22I above. 

4.1.1. Real roots and the structure of In this section wc record several results concerning the real roots 
and associated root groups, and the structure of [/-f.. 

Recall that the Weyl group ly of G is the infinite dihedral group. The discussion in Section [1.4.21 above 
then implies that the set of positive real roots is the disjoint union of the sets 

{ai,wia2,wiW2ai,wiW2Wia2, ■ ■ ■ , {wiW2)"'ai, {wiW2)"wia2, ■ ■ ■} 

and 

<&+ := {a2,W2ai,W2Wia2, W2'WiW2ai, . . . , {'W2Wi)"a2, {w2Wi)"'W2ai, . . .}. 

Each real root may be identified with a half- apartment (half- line) of the standard apartment E. These 
identifications, for the positive real roots, are depicted in Figured] below. 



WlW2'Wia2 



W1W2W1P2 W1W2P1 W1P2 Pi P2 W2P1 W2W1P2 W2W1W2P1 
® • TT-* 7^ • e • ■ 5-« 

W\W2W\B W1W2B WlB B W2B W2W1B W2W\W2B 

1 *2 

W2Wia2 

'W2WiW2ai 



Figure 1. The sets of positive real roots ^\ and with each such root identified with 
a half- apartment of the standard apartment S. 
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We note that since the generahsed Cartan matrix A is symmetric, for any two roots a and a' in the 
root groups Ua and Ua' commute. Similarly, for any two /3,/3' S Up and U'^ commute. For i = 1,2 let 
Vi be the abelian subgroup of U+ defined by 

V, := ((7„ I a e 

Lemma 24. J7+ is t/ie free product ofVi and V2. 

Proof. By Proposition 4 of Tits [Ml, the group C/+ is an amalgamated sum of Vi and ¥2- But fl V2 is 
trivial since there are no prenilpotent pairs of roots a G ^\ and /3 G <I'^. Hence U+ ~ Vi *V2. □ 

For any positive integer denote by (wi^'W2]n) the element wi'W2Wi ■ ■■ oi W which has n letters al- 
ternating between wi and W2. Similarly, denote by {w2,wi;n') the element W2Wi'W2--- {n' letters). Put 
{wi,W2',0) = (z«2,it;i;0) = 1. Then every it; G is of the form {wi,W2',ri) or {'W2,wi;n') for some integer 
ri > or n' > 0. For fc > and k' > 0, define 

f 1 if fc even , ., f 2 if fc' even 

'■=[2 if fc odd ^"""^ ■= \ 1 if k' odd. 

Now for w = {wi, W2] n) and w' = {w2, u'l; n'), define 

Uw ■■= {U{wi.w2ik)ai^ \ 0<k<n) and U^,' ■= {U(w^^wi-k')a., | < fc' < n). 

" k' 

The next result follows from Lemma [23] above. 

Corollary 25. If w = {'Wi,W2;n) and w' = (z«2, lui; n'), then {Uu,,Uwi) ~ Uw * U^'- 
We also note that: 

Lemma 26. Let w = (wi,W2',n) . Then Uw is the direct product of the groups U(^^^^^^-f^^(^^^ ; n. 
Similarly for w' ~ {w2, Wi; n'). 

4.1.2. Action of root groups on X . The group U+ acts faithfully on X (Corollary on p. 34 of [8]). We now 
determine in some detail how the individual root groups act on the set of edges of the tree X . 

We first introduce some convenient notation for the edges of X. We will say that an edge of X is a 
left-hand edge if it is closer to the vertex Pi than to the vertex P2 , and a right-hand edge if it is closer to P2 
than to Pi . Then every edge of X except for B is either left-hand or right-hand. See Figure [2] below. 

By Lemma 9.1 of [10], the set of left-hand edges adjacent to the vertex Pi is given by {a;i(/i)tiii_B | li G F^}. 
To simplify notation, we denote by (Zi) the left-hand edge xi{li)wiB. Similarly, the set of right-hand edges 
adjacent to P2 is {x2{ri)w2B \ ri G Fg}, and we write (ri) for X2(ri)w2B. 

By conjugating, for each li G F^ the set of left-hand edges in Ball(i3, 2) — Ball(_B, 1) which are adja- 
cent to the edge xi{li)wiB is given by {xi{li)wiX2{l2)w2B \ li,l2 G F,}. Denote by [hjh) the edge 
xi{li)wiX2(l2)w2B . Similarly, denote by (ri,r2) the right-hand edge X2{ri)w2Xi{r2)wiB , which is adjacent 
to X2{ri)w2B. 

Continuing in this way, for each integer n > 1 the set of left-hand edges in Ball(i?, n) — Ball(_B,n — 1) 
is the set {(^i, ...,/„) | Ij G Fg}, where (/i, . . . ,ln) denotes the edge a;i(/i)u'i . . . Xi{ln)wiB , with i = 2 if 
n is even and i = 1 if n is odd. Similarly for the set of right-hand edges in Ball(_B,ri) — Ball(_B,ri — 1). 
The standard apartment S then consists of the edge B together with all left-hand edges (0, . . . , 0) and all 
right-hand edges (0, . . . , 0). 

Having established this notation, we will now show that root groups fix certain combinatorial balls in X. 
Lemma [27] below is a sharpening (for our case) of Lemmas 5 and 6 of Caprace-Remy , which state that 
if a is a real root such that the distance from the base chamber B to the half-apartment determined by —a 
is at least (4"+^ — l)/3, then the root group Ua fixes Ball(i3,7i + 1). 

Lemma 27. Let wPi be a vertex of the standard apartment S. If a is a real root such that a contains the 
vertex wPi, and such that the distance from ~a to the vertex wPi is at least n, then Ua fixes Jial\{wPi,n). 
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Figure 2. Ball(i3,3) in the tree X, in the case p = 2 = q. The edges of X as well as the 
vertices of the standard apartment E are labelled. 



Proof. It suffices to show that if the distance from —a to wPi is exactly n, then Ua fixes Ball(u;Pi, n). For 
all real roots a, the root group Ua is a conjugate of either Ua^ or C/q.^ by an element of W. Lemma [27] then 
follows from Lemma [55] below, which considers the case a = ai. □ 

Lemma 28. Let n > be an integer, and put i = 2 if n is even and i = 1 if n is odd. Then Ua^ fixes 
Ball((w2, wi; ?^ + !)• 

Proof. The proof is by induction on n. We first show that Uai fixes Ball(P2, !)• Since Uai fixes the edges B 
and W2B, it suffices to show that for all i £ and for all 7^ ri £ F^, xi{t)x2{ri)'W2B = X2{ri)w2B. For 
this, note that 

W2Xi{t)w2 = x^^aii^-t) and W2X2iri)w2 = a:_Q2(eVi) 
for some e, e' £ {±1}- Hence xi{t) fixes X2{r{)w2B if and only if Xw2ai{^i) fixes cc.q.^ (e'ri)i?. 

Since ri 7^ 0, the element x-a^if'i'i) S C^-aa does not fix any edge in Ball(P2, 1) except for W2B. 
Thus a;_a2 (e'ri)i? is an edge in Ball(P2,l) other than B and W2B. Thus for some 7^ r'j^ G Fg, we have 
a;_Q.2 (eVi)i? = a;Q2(r2)w2P- We then compute 

{tt)x-a2{eri)B {et)xa2{r[)w2B 

= Xa2ir'i)Xw2aiiet)w2B 
= Xa2{r'i)w2Xaiit)B 
= Xa2{r'i)w2B 

= a;_Q2(e'ri)B. 

Thus C/„i fixes Ball(P2,l). 

Assume inductively that Ua^ fixes Ball((u'2, Wi; n)Pi, ?i + 1), where i = 2 if n is even and i = 1 if n is 
odd. To prove that Ua^ fixes Ball((w2, wi]n + 1)P3_,;, n + 2), suppose first that n is even, with n = 2k say. 
Then the inductive assumption is equivalent to the positive root group {wiW2)''Uai{w2Wi)'' = t^(toiiu2)'=Qi 
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fixing Ball(P2, n- + !)■ We will show that C/(u)2U)i)'=!i)2ai fixes Ball(Pi, n + 2), hence C/qi fixes Ba.\\{{w2,wi;n + 
l)Pi,n + 2) as required. 

We first prove that U^^^^^-^^k^^^^ fixes all left-hand edges {li, . . . ,ln+2)- Given (Zi, . . . , Z„+2): there are 
constants l[, . . . , Z'j_^2 G '^q such that 

Xi{li)wiX2{l2)w2 ■ ■ ■ X2il„+2)W2B = X^a^{l[)x2{l'2)w2Xi{l'^)wi ■ ■ ■ X2{l'n+2)w2B . 

Now the edge xi{l'^)wi ■ ■ ■ X2{l'n+2)^'2B is in Ball(P2,"' + 1) hence by inductive assumption is fixed by 
f^(ioiio2)''Qi ■ We then compute that for all t S F^, 

a;(-!«2u,i)fc-!i,2Qi(0 • (^1,^2, ■ • • iln+2) = X(^^^^)k^^aA^)X-ai{l'l)Xa2Q-'2)'W2Xai{l'z)wi ■ ■ ■ Xa2{l'n+2)'W2B 

= X^ai{l'l)XaA^'2)X(^^^^)k^^„^{t)w2XaS'^)wi ■ • • Xq2 (C+2)w'2S 

= X^a^{l'l)Xa2{l'2)w2X(^^^^^_^^ka^{et)XaAl'^)Wl ■ • • Xc2 (C+2)w^2-B 

= X-a^ {l'i)Xa2 il'2)w2Xai (^3)1^1 ' ' ' Xa2 (4+2)'^2-B 

= {ll,l2 ■ ■ ■ ,ln+2)- 

Thus ?/(u,2uii)''iii2cti fixes all left-hand edges {li, . . . , Z„+2)- 

We now show that C/(tu2iui)'=!ii->ai fixes all right-hand edges (ri, . . . ,r„+i). For this, the inductive assump- 
tion implies that for all t G Fg, 

X{w2Wi)''W2ai (t) ■ {ri,.-., r„+i) = a;(i„2-!«l)'=™2ai it)^a2 iri)w2 ■■■Xa2 {rn+i)w2B 

•^OL2 (^1 )*^(ti'2i(Jl )^W20l1 

{t)w2Xa^{r2)wi ■ • ■ Xa2{'>^n-\-l)w2B 

{et)xai {r2)wi ■■■Xa2 {rn+i)w2B 

= Xa2iri)w2Xaiir2)wi ■ • • 2:02 (''ri+l ) ^2-8 

= (ri,...,r„+i). 

Thus C/(u)2toi)'»«.2Qi fixes ah right-hand edges (ri, . . . ,r„+i). 

Since J7(tu2iui)''«)2ai fixes all left-hand edges (Zi, . . . , ln+2) and all right-hand edges (ri, . . . , r„+i), it fixes 
Ball(Pi,n -I- 2). This completes the proof of the inductive step for n even. The proof of the inductive step 
for n odd is similar. This completes the proof that fixes Ball((u;2, wi; n)Pi, n -I- 1) for all n > 0. □ 

Now that we have determined that certain combinatorial balls are fixed by root groups, we consider how 
these root groups act elsewhere on the tree X. For this, we first discuss how the root groups Ua for a G 
act on left-hand edges, and how the root groups Up for /3 G $^ act on right-hand edges. 

Lemma 29. Let (/i, . . . , In) be a left-hand edge. Then for all < k < n — 1, there is an e E {il} such that 
for all t e¥q, 

X{wi,W2;k)aii^ (0 " (^1: ■ ■ ■ Jn) = {h, • • ■ , ^fc, + lk+2, • • ■ , In)- 

Similarly for the action of U(^^^^^y}^)a,, on right-hand edges. 

Proof. It suffices to show by induction on fc > that for any li, . . . ,lk G Fg, 

(3) a;(«,i,«,2;fc)a,^ it)xi{li)wiX2{l2)w2 ■ ■ ■ X^^{lk) = a^l (^1 ) W1X2 (^2 ) ^2 ■ --Xi^ilk+l + et). 

In the case fc = 0, xi{t)xi{li) — xi{li 4- 1) and we are done. For fc = 1, since C/qj and Uwia2 commute, 
there is an e G {±1} such that 

Xwia2{t)xi{ll)wiX2{l2) = Xi{li)Xni^a2it)wiX2{l2) 

= Xi{li)wiX2iet)x2il2) 
= Xi{li)wiX2il2 + et). 



COCOMPACT LATTICES IN RANK 2 KAC-MOODY GROUPS 



21 



For fc > 2 we compute that for some e, e' G {±1}, 

a;(u,i,i«2;fe)a,. (0a;i(^l)'^ia;2(^2)w;2 = ■WiX{w,,wi;k-l)a; {et)wiXi{li)wiX2{l2)w2 

(fc-l)' 

= wia;(t„2,t«i;fc-i)a.' {et)x^i{e'h)x2{l2)w2 

\h-iy 

= WiX-i{eli)x2{l2)x{w2,wt:k-l)a., {^t)w2 

\k-iy 

= Xi{li)wiX2{l2)w2X(.^^^^^.k-2)ai^_^ (t) ■ 

The result then fohows by induction. □ 

We now describe the action on certain left-hand edges of certain root groups Up, where /3 S We first 
discuss the action of [/q^ on left-hand edges (/i, Z2). For this, the following formula will be needed. 

Lemma 30. For a,t ^¥q with a ^ 0, the following statement holds: 

xi{a)wiX2{t)w2B = x^i{a^^)x2{{-aY''"'t)w2B . 

Here —m is the off-diagonal entry in the generalised Cartan matrix A for G. 

Proof. To show that xi(a)wiX2{t)w2B = x-i(a~^)x2((—a)^™'t)w2B is equivalent to showing that 

W2X2{-{-ay^t)x-i{-a^^)xi{a)wiX2{t)w2 G B. (*) 

Now, denote by x := a;_i(— a~^)xi(a)wi. Clearly x g ii, and in fact, x G Mi. As Mi is a homomor- 
phic image of SL2{q), i.e., is isomorphic to cither SL2{q) or to PSL2{q) under the natural identification 

Q ][ ^ ~^ •'^i('')j ^ ^ 1 ) ^ 2;_i(r) and ^ ^ '^i ^ ^ by explicit calculation we obtain that 

X = xi{—a)hi{—a). 

Thus (*) is equivalent to proving that 

W2X2{-{-ay"H)xi{-a)hi{-a)x2{t)w2 eB (**) 

But hi{—a)x2{t)w2 = a)a;2(t)/ii(— a)^-'-/ii(— a)it;2 = X2{{—a)^"'-t)hi{~a)w2 ~ X2{{—a)^"^t)w2h for 

some h E H. Since H < B, {**) is equivalent to 

ii'2a;2(-(-a)-'"02;i(-a)a;2((-a)"™i)w2 G B 

which is the same as 

X2{-{-a)-"H)xi{-a)x2ii-a)-"H) ^ xii-af^^-^-''^'"^'^ G 8""^ 

Notice that xi{-a) G C/2, while 2;2(-(-a)"™t) G ^2- But f72 < P2, and so .Ti(-a)"^2("("'')"'"*) G U2. 
Therefore it remains to show that U2 < B"'". Now, B = HU+, and so 5""^ ^ iJ-«'2[/^^ Hence if we can 
show that U2 < C/+^ we will be done. RecaU that U+ = ([/„ | a G U $^). Therefore 

= ([/„ I a G W2{'^>\ U $^)) = I a G $^ U - {02}) U {-aa}), 

i.e., [/™^ = U2U-a2 which finishes the proof. □ 

We may now describe the action of on the set of left-hand edges (Zi, 12)'. 

Corollary 31. There is an automorphism (j) of the additive group {¥q, +) such that for all t E Fq and all 
left-hand edges {hyh), 

{hM+m) ^fh^o 

[hM) ifh^o- 



X2{t) ■ {hM) 



Proof. Consider X2{t) ■ (^1,^2), where li ^ 0. As (hjh) = xi{li)wiX2{l2)w2B , using the previous lemma we 
have 

X2{t)xi{h)wiX2{l2)y02B = X2{t)x_^Sl^)x2{{-ky"'l2)w2B = (Z" ^ + ( ) -™/2 ) W'2 S. 

Again using the previous lemma, we obtain that 

X^^,{ll^)x2{t+{-h)-'^l2)w2B = Xi{h)wiX2{l2 + {-lirt)w2B. 
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Xa'{t) • (0, . . . , 0, 1,1+1, ln+2, ■ ■ ■ ,In, In+i) — 



Since for each li G F*, the map (j>{t) := {—li)"^ is an automorphism of the additive group (Fg, +) 
as required, we obtain the desired resuh. The fact that X2{t) fixes (0,^2) is a consequence of Lemma 1271 
above. □ 

Corollary 32. The action ofUwia2 on the set of left-hand edges {(^1,^2)} commutes with that ofUa2- 

Proof. By LcmmaETl above, the group Ua^ fixes each edge (0, Z2). Tlie corollary then follows by Lemmas 
and Corollary [3T] above. □ 

We will in fact need the following generalisation of Corollary [31] above. The proof of the following lemma 
is similar to that of Corollary [3TJ 

Lemma 33. For each n > and < k < n, let N = n + [n + 1 + /c) and a' — (u'2, Wi] k)ai' , where i' = 2 
if k is even and i' ~ 1 if k is odd. Then there is an automorphism (f> of the additive group (Fq,+) such that 
for all t (^¥q and all left-hand edges (0, . . . , 0, In+i, ln+2, ■ • ■ , ^N, In+i), 

(0, . . . , 0, ln+lJn+2, ■ ■ -Jn, In+1 + 4>{t)) if ln+1 ^ 
(0, . . . , 0, ln+liln+2, • ■ • , 'at, In+i) if ln+1 — 0. 

Corollary 34. In the notation of Lemma \33\ above, the action of Ua' on the set of left-hand edges 

{(0, . . . , 0, /„+!, ^„+27 • ■ • 7 InJn+i) I Ij G Fg} 
commutes with that of each root group C/(u,i,u)9;j)ai . j for n < j < N. 

4.1.3. Proof of Lemma[23[ We are now ready to prove Lemma [23] above, which says that a p-element of U+ 
must fix an end of the tree X. Let x £ U+ with x^ = 1 x. Assume by contradiction that x does not fix 
any end of X. Then there is a smallest integer n > such that no edge in Ball(B, n+ 1) — Ball(i3, n) is fixed 
by X. We first consider the case n ~ 0, and then generalise the argument for this case to the cases n > 1. 

Suppose n = 0. Then every edge in Ball(B, 1) except for B is moved by x. For i = 1,2, consider the 
restriction of x to Ball(i-'i, 1). By Lemma \Tl\ above, the only positive root group which acts nontrivially on 
Ball(fi, 1) is Uai. Hence for i = 1, 2, there is a 7^ t; S such that 

a;|Ball(P,,l) = Xi(t..i)\Ba\\(Pi.l). 

Now consider the restriction of x to Ball(i3, 2). By Lemma [27] above, 

2^lBall(S,2) = ?/|Ball(B,2) ^01 SOmC y G 

By Lemma (251 above. 

{Uai : Ua.2 T ^wia2 T ^W2ai} (f^Qi 7 Q2 ) * (^ti2 7 ^u72Cki ) — ^u'l ^Uw2- 

Hence the element y can be written uniquely as a word in letters alternating between nontrivial elements of 
Uwi and nontrivial elements of Uw2- Moreover, for i = 1,2 by Lemma |26I above each nontrivial element of 
Uyj^ can be written uniquely as a product Xi{si)xutia3-i{s'i), with Si,s[ G Fg and at least one of s; and s[ 
nonzero. Thus there is a canonical word for y with letters in Ua-i, Ua2, Uwia2 ^i^d Uw2ai- 

Let z G *Uct2 be the element obtained by deleting from this canonical word for y all nontrivial elements 
of Uw-^a2 ^-iid Uw2ai- Note that z is well-defined, and that z can be written uniquely as a word 

Z = Xi{ti^i)x2{t2.l)xi{ti,2)x2{t2,2) ' ' ' a;i (tl,m)a;2 (t2,m) 

where for i = 1,2 and 1 < j < to we have t^j G Fg, with possibly = and possibly t2.m = 0, but all 
other tij- 7^ 0. By definition of the elements y and z, and using Lemma (271 above again, for i = 1, 2 

^lBall(Pi,l) = 2/|Ball(P,-,l) = 2;| Ball(Pi , 1) ~ 2;; (t^ ) | Ball(Pi ,1) • 

Hence for i = 1,2 

ti,l + ti,2 + • • • + tijn = ti 0- 

Denote the set of left-hand edges in Ball(i3, 2) — Ball(_B, 1) by 

^:={(;i7/2) |/i7^2eF,}. 
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By Lemma 1271 the root group Uw2ai fixes each edge in E. The root group Uwia2 commutes with Uai- 
By Corollary [32l above, the action of Utu^a^ on E commutes with the action of on E. Therefore there is 
a t G such that 

x\e = y\E = Xw^a2{t)AE- 

Moreover, 

x'p\e = idij = {x^,o.2{t)YzP\E = zP\e. 
That is, zP fixes each edge in E. The following lemma shows that this is impossible, and we thus obtain a 
contradiction. Hence in the case n = 0, x must fix an end of X. 

Lemma 35. Let 

Z = a;i(tl,l)a;2(i2, 1)2^1(^1, 2)2^2(^2, 2) • • • Xi{ti^ra)x2{t2,m) 

as above, with 

for i = 1,2. Then fixes each edge in the set of left-hand edges 

E = {{hM) I /i,?2 eFj 

if and only ift2 = 0. 

Proof. Let {li, I2) G E. We first compute z ■ (/i, Z2). To simplify notation, we assume that the automorphism 
(/) in Corollary [31] above is the identity. For each 1 < j < m, let {Lij,L2.j) G E he the edge 

{Li,j,L2,j) = Xi{ti,j)x2{t2,j) ■ ■ ■ Xi{ti^rn)x2{t2,m) ' {ll,h)- 

Then for 1 < j < to, 

Ll,'j ~ tij + ■ • ■ + ti^m + h- 

Putting Li_,-n+i = h and L2,m+i = for 1 < j < m 

L2.j+i if j+i = 

^2j" + L2,j+i if 7^ 0. 

Defining tm+i = 0, it follows that for 1 < j < to, 

L2,j + l if ti,j+i + • • ■ + ii,m = —li 

t2,j + L2,j+1 if tl,j+l + • • ■ + ti^m 7^ —ll- 

Thus 

z ■ [liM) = (^1,1- ^2,1) = {h.i + • • ■ + ii,,„ + ^1,^2,1) = (^1 + ti, ^2,1) 

where 

L2,l = ^2 +t2 - 

yii,j+i H \-ti,m ——li 

Using this computation and the fact that pti = pt2 — 0, we determine that for all (/i, I2) ^ E, 
where 

^2 = ^2 - *2,j + + • • • + Y *2,j 

Now z^ fixes each edge in E if and only if I2 ^ h- In this case, for each li G F^, 

Y ^2,, + Y ^2,, + • • • + Y *2,, 

kti,3+i+---+ti,™=-;i / \ti,j+i+---+ti,m=-(;i+ti) / \ti,j+i+---+ti,™=-(ii+(p-i)ti) 



■^2J 
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Recall that q ~ p", and choose a set of representatives . . . , h,a] C Fg of the orbits of the map / i— )■ l + ti. 
By adding together the previous equation for each of li = Zi.i, . . . , /i = /i,a, we obtain 

i6F, \ti,j + iH hti,„. = -i / 

Each sum tij+i + • • • + appears exactly once on the left-hand side, therefore fixes each edge in E if 
and only if 

^2,1 + • • • + t2.m = 0. 

But t2s + ■ • • + t2^m = ^2, SO wc arc done. □ 

Before considering the cases n > 1, we note the following corollary to Lemma 135) above. 

Corollary 36. Let z he as in Lemma [F5\ above. Then z'^ fixes Ball(_B, 2) if and only ifti ~ t2 = 0- 

Proof. Since pti = pt2 = 0, by considering the action of Uai and on Ball(i?, 1) we see that z^ fixes 
Ball(B, 1) for all values of ti and <2- A similar argument to that used for Lemma 1551 above shows that z^ 
fixes the set of right-hand edges 

{('"i,''2) I ri,r2 e ¥q} 

if and only if ti = 0. Hence fixes the set of edges in Ball(_B, 2) — Ball(_B, 1) if and only if ti = t2 = 0, as 
required. □ 

We now generalise the argument for n = to the cases n > 1. Recall that we chose n to be the smallest 
integer such that no edge in Ball(i?, n + 1) — Ball(i?, n) is fixed by x. By the minimality of n and the 
assumption n > 1, there is an edge in Ball(i?, n) — Ball(i?, n — 1) which is fixed by x. The next lemma follows 
from the proof of Lemma 14.1 in [TO] . 

Lemma 37. For any left-hand edge {li, . . . ,ln) in X , there is an element u e [/+ such that u ■ (/i, . . . ,ln) 
is the left-hand edge (0, ...,0). For any right-hand edge (ri,...,r„) in X, there is a v G {7+ such that 
w • (ri, . . . , r„) is the right-hand edge (0, . . . , 0). Moreover, v can be chosen to fix all left-hand edges in the 
standard apartment S. 

Using Lemma l371 we may assume without loss of generality that x fixes the left-hand edge (/i, . . . , In) = 
(0, . . . , 0). Let wPi — (wi, W2] n)Pi be the vertex of S at distance n from Pi on the left-hand side, and let 
a = {wi,W2',ri)ai (here i = 1 if n is even and i = 2 if n is odd). Then by Lemma [27] above, 

x\bs.ii{w Pi, 1) = Xa{t)\BE.iiiwP,,i) for somc O^t e¥q. 

Let < fc < n be the largest integer such that x fixes a right-hand edge in Ball(i3, k) — Ball(i?, A; — 1). If 
k > 1 then by Lemma [37] above, we may assume that x fixes the right-hand edge (0, . . . , 0) in Ball(i3, k) — 
Ball(i3, k — 1). Let w'Pi' = {w2, wi; k)Pii be the vertex of E at distance k from P2 on the right-hand side, 
and let a' — {w2, wi; k)ai' (here i' — 2 if k is even and z' = 1 if fc is odd). Then by Lemma [27l above. 

a;|Baii(«>'P,,a) = Xa'{t')\Bi,\\{w'P^,,i) for some ^ t' e ¥q. 

Note that the distance from wPi = (wi,W2',n)Pi to w'Pi' = {w2,wi; k)Pii is exactly n + 1 + k. Let 
N = n + {n + 1 + k), and consider the restriction of x to Ball(i?, N + 1). (In the case n = above, k = 
and thus = 1.) Then as in the case n = above, 

2;|Ball(B,Af+l) = y|Ball(B,Ar+l) for SOmC y G ?7(^i,^2;A') * t^(t«2,t"i;Af)- 

Note that Ua < C/(ioi,io,:Ar) and Ua' < C^(i«2,'"i;Af)- z € Ua * Ua' be the element obtained by deleting 
from the word for y all letters except those in Ua or Ua'. By definition of the elements y and z, and using 
Lemma [27] above again, 

z\Ball{wPi,l) = y|Ball('i«Pi,l) = 3^ |Ball(Pi ,1) = a^Q (0 I Ball(u;Pi ,1) 

and similarly for Ball(i(;'Pi', 1) and x^'it'). 
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Consider the following set of left-hand edges in Ball(S, iV + 1) - Ball(B, N): 

E {(0, . . . , 0, /„+i, Z„+2, ■ ■ ■ Jn, In+i) I Ij G ^q}- 
Since x fixes the left-hand edge {li, . . . , /„) = (0, . . . , 0), the element x preserves E. Moreover, since x fixes 
the left-hand edge (^i, . . . , In) = (0, . . . , 0), which is not fixed by each of Ua-^ , Uwia2 1 ■ • • i C^(u)i,u)2;n-i)ai ^ i 

x\e = y'ls for some y' € ([/(^i, • ■ • , f^(«)i,«)2;W)ai„ ) * C^(«,2,i«i;W)- 
Also, X fixes the right-hand edge (0, . . . , 0), which is not fixed by each of , Uw2ai , ■ • • , t^(t«2,t"i:fe-i)ai' 



x\e = y"\E for some y" e (t^(M>i,«,2;n)Q, ' • ■ • 7 t^(toi,t02:Af)a,„ ) * (t^(t02,t«i;fe)a-, : • ■ • 7 t^(t02 ,ti>i ;Af)a ■/ )■ 

Now bv LemmalTflabove. for all j > fc + 1 the root group f7(j^,2.u,j;j)Q., fixes Ball(wPi, n-fl + (fc + 1)). Thus 
for all j > fc + 1, the root group ?7(u„,u)i;j)a / fixes each edge in E. Hence, recalling that Ua' ~ C^(t«2,t«i ' 
we have that 

x\e = y'"\E for some y'" £ (C/( ,„i,u.2 ■ • ■ 7 f^(«)i,«,2;W)Q.„ > * C/a'- 
Next, for each n < j < N , the root group C^(u,i,^2;j)ai commutes with t/o, = ?7(u,i,u)2;n)Qi- By Corollary [Ml 
above, for each n < j < N the action of the root group t^(tui.u„;j)Qi . on E commutes with that of Ua' on E. 
We conclude that there is a p-clcmcnt z' £ U-^-, which commutes with z on E, such that 

x\e = y\E = y'\E = y"\E = = z'z\e, 

hence 

b = ids = (z'f z^U = 

That is, zP fixes each edge in E. The proof that this is impossible with i' 7^ is similar to the case n = 
above. 

This completes the proof of Lemma [23l That is, we have shown that a p-element of C/+ must fix an end 
of the tree X. 

4.1.4. Completing the proof of Provosition [^M We now show how Lemma |23I mav be used to complete the 
proof of Proposition 1221 Since each real root a determines a half-line (half-apartment) in the standard 
apartment E of X, each real root a determines one of two possible ends of X. Denote by ei the end of X 
determined by ai, and by 62 the end of X determined by a2. Then by definition of <i>^ and <i>^, each root 
in $^ determines the end ei, and each root in the end 62. Define the group — V2 by 

Then the groups Vi and — V2 fix the end ei. 

Following the notation in Section 14 of [10], we put 

U := {Vi, -V2) = (C/„ I a G $V 01- - ae 

and 

Bx ~ Pi wI3w-\ 

Note that Bj fixes the standard apartment S pointwise. 

Now take g € G such that g induces the element r := W1W2 G W . The element r acts as a translation 
along the standard apartment S, with translation length two edges (chambers), and with attracting fixed 
point ei and repelling fixed point 62- Let R be the subgroup of G generated by g (in [lOj . the group generated 
by g was called T, but for us T is already a fixed maximal split torus). Finally define B be the stabiliser in 
G of the end ei. 

Proposition 38 (Theorem 14.1, dU])- The group R normalises both U and Bx, and 

B = BxUR = BiRU = URBx = UBxR- 

Proof. Although Carbone-Garland used a different completion of the Kac-Moody group A, their proof goes 
through in the building topology. □ 
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We next consider the structure of Bi. 

Lemma 39. Let b G Bj be an element of finite order. Then the order of b divides q ^ 1- 

Proof. From the definition of Bx, we have b € -B™ for every w £ W. By Proposition IH] above, B = T x 
For all w € W, = T K as W normahses T. Thus b e T k U:{! for every w e W. As |T| | {q - if 
and cxp(T) = q — 1, y := b'^^^ G C/™ for every w G VF. In particular, y is an element of C/+ which fixes the 
standard apartment E. Since for every u G C/+ either m is a p-element, or its order is infinite, it remains to 
show that y is not a p-element. 

Assume by contradiction that y^ ^ 1 ^ y. Since y is in [/+, there is a sequence of elements y„ in U-^. such 
that lim„_>oo Vn = U- Without loss of generality, we may assume that 2/„ agrees with y on Ball(_B,n). Then 
by Lemma [27] above, without loss of generality, y„ is an element of the free product of 

and 

Since = 1, fixes Ball(i3,n). Put z„ = y^J. We claim that z„ = 1. We first consider the case 
n = 1. Then yi G C/qi * Ua2, so j/i has the same form as the element z in Lemma |35I above. Now yi fixes 
the intersection of the standard apartment with Ball(i3, 1), so we have = ^2 = in this case. Hence by 
Corollary [36] above, the element zi = y\ fixes Ball(i?, 2). But by Lemma [29] and Corollary [31] above, if the 
element zi of Uai * C/a2 fixes every edge in Ball(i?, 2), then zi fixes every edge in X. Thus, as C/+ acts 
faithfully, zi = 1. The proof that z„ = 1 for n > 1 is similar, using the analogous results for actions of root 
groups on larger balls in X. 

We now have that 1 z„ yP, so each y„ is a p-element of [/+. By Lemma [24] above, C/+ is the free 
product of Vi and V2, hence any finite order element of [/+ is contained in a [/+ -conjugate of either Vi or 
V2. Without loss of generality, pass to a subsequence of the y„ so that each y„ is an element of u„Viw~^ for 
some Un G f/+. Now y„ fixes the intersection of Ball(i?, n) with the standard apartment E. Thus the root 
groups in UnViu~^ include the first n root groups in Vi. Therefore y is in Vi. But by the definition of the 
building topology, ii y E Vi fixes the standard apartment, then y = 1, a contradiction. □ 

Now consider our element x G [/+ HF of order p. By Lemma [^ above, x fixes an end of X. By Lemma [571 
above, the completed group U+ acts transitively on the set of left-hand ends of X (where a left-hand end is 
one corresponding to a ray emanating from Pi and containing only left-hand edges). Thus we may assume 
without loss of generality that x fixes the end ei, that is, x G B. 

Using the decomposition given in Proposition [38] above, x = ubr for some u G U, b €: Bx and r € R. 
The group R is infinite cyclic, normalises Bx and U, and has trivial intersection with Bx and U (recall that 
Z{G) = 1). Since x^ ~ 1, we may thus assume that r = 1, so that x — ub. In fact, since x G U+, u G Vi. 
Now for y £ G define 

My) ■■= g^yg-" 

where (g) = R. Then for all n G N, 

fn{x) = fniu)fn{b). 

To complete our proof, we consider the limit of this expression as n — ^ 00. 
Lemma 40. For each u G Vi, lim /„(«) = 1g- 

Proof. For n G N, let g'^Vig^^ be the closure of the group g" Vig~" in the building topology. Since conju- 
gation by g is a homeomorphism, we have 

(4) g^ViP" = .9"T>ig-". 
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By Lemma [27] above, if —a is a real root such tliat tlie distance from a vertex (either Pi or P2) of the 
base chamber B to the half-apartment determined by —a is at least n + 1, then the root group Ua fixes 
Ball(_B,n). For each a £ consider the group 

The root — T"a is by definition the complement of the root T"a = {wiW2)"ct g ^l^^. Since a £ and r 
acts by translation by two edges with repelling fixed point 62, the distance from — r"a to the edge B is thus 
at least 2n > 7i + 1. Hence for each a e $^ and each n G N, the group /„([/„) fixes Ball(i?, n) pointwise. 
Therefore for each n e N, the group /„(Vi) fixes Ball(-B,ri,) pointwise. 

By Equation (jH) above and the definition of the building topology, it follows that for each n <E N the 
group fn{Vi) ~ 5"^i.9 " fixes Ball(i?, n) pointwise. Hence for all u G Vi, fn{u) — > 1g as required. □ 

Since x = ub with u G Vi, Lemma |40] above implies that 

lim fn{x) = lim /„(6). 

n—foo n—>oo 

Now, b G Bx and Bx is a closed subgroup of B normalised by R. Therefore, lim„_^oo G Bx- Recall 

that by Lemma [Ml above, ii y G Bx is an element of finite order, then o{y) \ {q — 1). Now, as o{x) = p, 
o{fn{x)) = p for all n S N. And so o(lim„_>oo fn{x)) divides p. That is, o(lim„^oo fn{x)) is cither 1 or p. 
But since lim„_^oo fn{x) is in Bx, we may conclude that 

lim fn{x) = Ig- 

n— >oo 

This contradicts Theorem[7]above. We conclude that a cocompact lattice F of G docs not contain p-elements. 

4.2. Completing the proof of the Main Theorem. Before we continue with the proof, let us recall that 
if P is a maximal parabolic/parahoric subgroup of G, then P has Levi decomposition P = LU , where U is 
an infinite pro-p group, while L — TAI where T < P is a torus of G and Ai[q) = M <i L. 

Proposition 41. Let X be a finite subgroup of G whose order is co-prime top and such that \XZ{G)/Z{G)\ 
is divisible by {q + 1). Then X is contained in a maximal parabolic/parahoric subgroup P of G. Moreover, 
we may assume that X is a subgroup of a Levi complement L of P , and one of the following conditions hold: 

(1) p ~2 and H < X < Ct{M)H where H = Cq+i is a non-split torus of AI = SL2{q). 

(2) Ifp is odd and X < MZ{L), X ^ TqH where Tq < Nt{H) and H < M. More precisely, if Ai{q) 
is universal (i.e., if M = SL2{q)), then H is isomorphic to A where A is a subgroup listed in the 
conclusions to Corollarv llli Otherwise M = PSL2{q) and H = A/(—I) where A is a conclusion to 
Corollarymi But if p ^ 3 and q = 9, H/Z{H) ^ A5. 

(3) Ifp is odd, L/Z{L) =^ PGL2{q) and X ^ MZ{L), then XZ(L)/Z{L) < Hq where Ha ^ £'2(9+1) • 

Proof. By a celebrated result of Serrc (Proposition [5] above), each finite subgroup of G sits inside a standard 
parabolic/parahoric subgroup P of G. Since P = LU while X does not contain any p-clements, without loss 
of generality wc may assume that, X < L. Parts (1) and (2) of the desired result now follow immediately 
from Corollary [TTJ Part (3) follows from Theorem [12l and the fact that subgroups isomorphic to Dg+i from 
part 4 of this theorem are contained in subgroups isomorphic to -D2(g+i) from part 5 of the same result. □ 

We are now about to finish the proof of our main result. We are now looking for possible candidates for 
the role of Ai < Pi to satisfy conditions (1) and (2) of Lemma [141 By Proposition [22| (|Ai|,p) = 1, and so 
without loss of generality we may assume that Ai is a subgroup of Li of order co-prime to p. Therefore, for 
i = 1,2, Ai is a finite subgroup of Li of order co-prime to p acting edge-transitively on the set Ex{xi) of 
edges coming out of vertex Xi. The Orbit-Stabiliser Theorem implies that \Ai\ is divisible by g + 1. 

Suppose first that p — 2. Choose Ai < Li to be as is X in Proposition [4lT 1 ) . Notice that Aq = Ai D A2 < 
Ct(Mi) nCT(M2) < Ct{{Mi,M2)) < Z{G). Now both conditions of Lemma [T4l are satisfied and the rcsuh: 
conclusion (1) of Theorem [1] follows immediately. 

Suppose now that p is odd. Assume first that Li/Z{Li) ^ PSL2{q). This means that Li = Mi oTi where 
Ti := CriMi). Since Ti lies in the kernel of the action of Li on Ex{xi), we are looking at the subgroups of Ali 
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whose order in Mi/Z{Mi) = PSL2{q) is divisible by {q + 1). By Proposition l4lT 2) . we obtain a list of such 
subgroups: either Ai = A^NMiiHi) where Hi is a non-split torus of AU and < NriHi), or Ai ~ AqNi 
where Ni = H above and < NriNi). Assume first that q = 3 (mod 4). Then in all the cases Aq < Ti for 
i = 1,2, and so Aq < Cg{{Mi, M2)) < Z{G). Moreover, conditions (1) and (2) of Lemma [T4l are satisfied 
and we may conclude (just as Lubotzky did in the proof of Lemma 3.5 of |19] ) that F = ^1 *Ao ^2 with 
^0 ^ Z{G) is a cocompact edgc-transitive lattice in G. Suppose, on the other hand, that q = \ (mod 4). 
If Hi is isomorphic to a non-split torus in Mi = Ai(q) and Ai — AoN]\j.{Hi), the argument of Lemma 3.5 
of [ini will not work (just as it does not really work in [TH], as was implicitly shown in 110] )• Let us briefly 
explain the reason. In its action on Ex{xi), Ai = AQNi\j.{Hi) intersects a one-point stabiliser Bi of Li in a 
subgroup of index i/d, that is, 

\A, : A, n B,\ = \AoNM,m : AoNm^H.) n T StabM. (x, ) | = \NmM.) : Nm^XH,) nT\ = 4/d 

where rf = 2 if Mi = SL2{q) and d = 1 if Mi = PSL2{q)- Hence, the length of the orbit of Ai in its action 
on Ex{xi) is at most ^^"^^y*^ = ^ii. And so Ai is not transitive on Ex{xi). Now Lemma [T3] implies that 
G does not contain edge-transitive cocompact lattices unless possibly one of the following holds: q = b and 
Bi = B2 = Ai(3), or (7 = 29 and Bi ^ B2 ^i(5). If g = 5, then indeed Ai acts transitively on the 
neighbours of Xi as \Ai n StabG(x3_i)| = 4 = \Ai n A2I, and so \Ai : Ai n StabG(a;3_i)| = 6 = q + 1, which 
means the conditions of Lemma [T3] are satisfied. Similarly, if g = 29, acts transitively on the neighbours 
of Xi as \Ai n StabG(a;3_i)| = 4 = |Ai n A2I, and so : Ax n StabG(a;3-i)l = 30 = g -|- 1, proving the result. 
We are now done proving parts (1) and (2) of Theorem [T] Moreover, as all the exceptional NiS mentioned 
above as maximal in Aut(Mi) are contained in M^, we also are done with the proof of Theorem [2l 

To complete the proof of our main result, it remains to consider the case when p is odd and Li/Z{Li) = 
PGL2{q). Using part (3) of Proposition|3T]we obtain that if is a subgroup we are looking for, AiZ{Li)/Z{Li) 
must be isomorphic to a subgroup of 1)2(9+1) whose order is divisible by (g -|- 1). Let Hi denote a non-split 
torus of Mi such that NriHi) is as big as possible. Then Ai is a subgroup of Ni := NL.{Hi), since this 
is the fuU pre-image of £'2(<;+i) in Li. Denote by Ci :— CLi{Hi). Then Hi < d, Ci is a cyclic group of 
order dividing (g^ — 1), Z{Li) < d and \Ni : Ci| = 2. Moreover, if d is the image of d in Li ~ Li/Z{Li), 
d = d+i and N, = C,Nt{H,). 

Suppose first that g = 3 (mod 4). Then d = CI x Z[ where Z[ < Z{L,) with \Z'^\ \ ^-odd, and 
C'i = Gi. Moreover, C'^ is the smallest subgroup of Li with respect to these properties. Suppose first that 
A^ < Ni is such that A ^ 1^2(9+1) • Then A^ > C- and A^ > Tq where Tq S SyhiT). This is true as 
To < NxiHi), G[Tq = Ni and if a subgroup of Ni does not contain C-Tq, its image in Li would be properly 
contained in £>2(9-i-i)- On the other hand, Ai < Ni ^ G[TqZ[. Now, Aq is a subgroup of Ai of index (g + 1), 
and as = Ai n ^2 < -Pi n P2 = B while (|Ao|,_p) = 1, < T. It follows that Aq < TqZI 

Notice that g € Aq is, of odd order if and only if g G Z'^. Hence, g S 0{Aq) implies g € Z{Li) n Z{L2) < 
Cg((Mi,M2)) < Z{G). We may now conclude that Aq < TqZ{G) proving 3(b)(i) of Theorem [H Let us 
now investigate which subgroups of Ni will give us other edge-transitive lattices in G. We are looking for 
Ai < Ni that acts edge-transitively on Ex{xi) and in particular, with (g-|- 1) | \Ai\. Suppose first that Ai is 
a subgroup of Gi such that Ai = Gq+i. Then C- < Ai < C[Z[. Recall that ^0 is a subgroup of Ai of index 
(g + 1), and as before one can easily see that ^0 < T. Now, C[Z[ nT = Z[M.i)Z[ and Z{Mi) < C[. Again, 
g ^ Ai \s of odd order if and only if g S Z,-, implying g G Z{G). Assume now that Z{Mi) 1. It follows 
that Aq = Z{Mi){Aq n Z[) = Z{M2){Aq n Z'^). Because the Sylow 2-subgroup of Aq is normal in Aq, it 
follows that Z{Mi) = Z{M2). In particular it follows that Z{M-) < Z{G) for i = 1, 2. If Z{Mi) ^ Z(G), we 
will obtain that condition (2) of Lemma [Ml is violated. Therefore, if Z{Mi) < Z{G), we obtain first part of 
3(b)(iii) of Theorem[TJ Finally, the only other subgroups of Ni that act transitively on Ex{xi) are subgroups 
that map onto NMi{Hi) = D5+1. These are the subgroups that map into Mj and we already described them 
in 2(b): NM,{.Hi)ZQ where Zq < Z{G). However, NmAHi)Zq n Nm2{H2)Zo = Z{Mi)ZQ for i = 1,2, and 
it follows immediately that Z{Mi) = Z{M2) < Z{G) proving the remaining part of statements 3(b)(ii) and 
3(b) (iii). 
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Suppose now that q = 1 (mod 4). This time = C- x Z'i where Z- < Z(L.j) with \Zl\ \ 2{q - 1) and 
C- = 0{Hi) = Cg+i , ^^-odd (where Hi as always is a non-spht torus of Mi such that NT{Hi) is as big as 

possible). Moreover, Z'^ = 02{COO{Zl) and 0{H.,)02{C,) = lli/MCij. Suppose first that A, < N., is 

such that Ai = £'2(9+i)- Then Ai > Hi02{Ci){ti) where ti is an involution in NxiHi) — CriHi). This holds 
because if a subgroup of Ni does not contain Hi02iCi){ti), its image in Li would be properly contained 
in -02(9+1) • It follows that Ai < Hi02{Ci){ti)0{Z'i) . As in the previous case, is a subgroup of Ai of 
index (g + 1) such that (|Ao|,p) = 1 and Aq < T. It follows that Aq < (02(Ci) H T){U)0{Z'i) where 
|02(Ci) : (O2(C0 n r)| = 2. As before 5 e is of odd order if and only if 5 e 0(Z,'), implying g e Z{G). 
We may now conclude that Aq < {02{Ci)r\T){ti)Z{G). Denote by Qi the Sylow 2~subgroup of Z{Li). Then 
Qi = 02{Ci) n T. Now, Qi < Ai and in fact Qi < Aq. Hence, the Sylow 2-subgroup of Aq is Qi{ti). It 
follows that Qi(ti) — Q2{t2)- Let 2'' be the exponent of Qi, i — 1,2. Denote by Q° := ftb-i{Qi)- It follows 
that Qi ~ Q2, and so < Z{Li) n Z{L2) < Z{G). If this condition fails, it is clearly impossible to have 
an edge-transitive lattice, while if it holds, conditions (1) and (2) of Lemma [Ml are satisfied. We therefore 
proved 3(a) (i) and 3(a)(ii)(A). 

Let us now investigate which subgroups of Ni will give us other edge-transitive lattices in G. Again we are 
in quest of Ai < Ni that acts edge-transitively on Ex{xi) (in particular, with (q + 1) | \Ai\). Suppose first 
that Ai is a subgroup of C,; such that Ai = Gq+i. Then 02{Gi)Hi < Ai < GiHi. Now Aq is a subgroup of 
Ai of index {q + 1), and as before it follows that Aq < T. It follows that \02{Gi) : 02{Gi) fl Aq\ = 2. Again, 
5 G is of odd order if and only if 5 G 0{Z'i), implying g G Z[G). Hence, Aq = (02(Cj) n Ao)(Ao nO(Z|)) = 
Qi{AQ n 0{Zl)). Because the Sylow 2-subgroup of Aq is normal in Aq, Qi — Q2- In particular, the usual 
argument implies Qi < Z{G) for i = 1,2. If Qi ^ Z{G), we will obtain that condition (2) of Lemma [HI is 
violated. Therefore we obtain conclusions 2(b)(i) and 2(b)(ii)(B) of Theorem |T] Since there are no other 
subgroups of Ni that act transitively on Ex{xi), we are done with the proof of Theorem |TJ 

5. COVOLUMES OF COCOMPACT LATTICES 

In this section we prove Theorem |3] of the introduction, on the minimal covolume of cocompact lattices 
in G. The main results are Lemmas |43] and |44] below, which show that, in the cases in which G admits 
an edge-transitive lattice, a cocompact lattice of minimal covolume in G is edge-transitive. We will restrict 
ourselves to the following generic cases: either p = 2, or if p is odd, io q> 300. Of course our discussion can 
be carried out in the same fashion for the case when p is odd and q < 300, but we decided to skip it in order 
to have "cleaner" statements. 

As before, for i = 1,2, let Pi be the stabiliser of a vertex in G, that is, a maximal parabolic/parahoric 
subgroup of G. Recall that Pi = P2, and if Li is a Levi complement of Pi, then Li = TMi where T < B < 
Pi n P2 is a torus of G, and Ai{q) = Mi <i Li. Now Mi is normalised by T, and T n Mi induces what are 
called inner-diagonal automorphisms on Mi = Ai{q). However, there are clearly various possibilities for the 
action of elements olT — T H Mi on Mi. This leads to two obvious cases: 

Case 1 : For i = 1,2,LJZ{L^) = PSLsiq), and Case 2 : For i = 1,2, L^/Z{Li) = PGLziq). 

We are going to organise our discussion based on this observation. 

5.1. Case 1. In this case Li = MioXi, that is, i,; is a central (commuting) product of Mi and T,; = GriMi). 
It is possible but not necessary that Ti n Mi = 1. 

Examples. Let G correspond to the generalised Cartan matrix A = 

(1) Let p = 2 and G = Gu, the universal version of the group. Then G is a central extension of 
SL2lVg((t-^))) by F^, and so L, = Gg-i x PSL2{q) with T,f^Mi = l and \T,\ =q-l. 

(2) Let p be an odd prime, and G ^ SL2{¥q{{t-^))). Then L, = SL2{q) with T, = TnM^ = (-/) = G2. 

Let r be an edge-transitive cocompact lattice of G. Then F is one of the conclusions of TheoremjTJl) and 
(2) above, i.e., q ^1 (mod 4) and up to isomorphism F = Ai >i=^„ A2 where for i = 1,2, Ai = Aq o Nui {Hi) 
with Ai < Pi, Hi a non-split torus of Mi such that NxiHi) is as big as possible and ^0 < Z{G). 
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An interesting and unusual consequence is the following observation. 

Corollary 42. Let G be a group as in Theorem\^ Suppose further that g = 3 mod 4 and Li/Z{Li) = 
PSL2{q) for i = 1,2. If M, = SL-iiq), then Z{G) ^ 1. 

Proof. If Mi = 5X2(9), because of the structure of Hi, we have Aq Ci Hi = Ao Ci Mi = Z{Mi). Hence, 
^0 > Z{M,) = G2. But Aq < Z{G), proving the resuh. □ 



Let us now discuss the question of covolumes. As described in Section 11.41 above, the covolume of an 
edge-transitive lattice T = Ai *Aa A2 in G may be calculated as follows: 

''^^^^^ ^jaTi^jm^ (9 + 1)1^01 ^ {q+mo\ ^ {q+mo\' 

In all conclusions to Theorem[lJl) and (2), the edge group Aq satisfies Aq < Z{G). Now, among all the 
edge-transitive cocompact lattices in G, choose F' = A[ ^^j^ A2 such that \A'q\ is as large as possible. Then 
Aq = Z{G), and so for any other edge-transitive lattice T = Ai A2 in G, since \Aq\ < \Z{G)\ we have 

Mr\G)>,(r'\G) = ^^^^^. 

And so among all the edge-transitive cocompact lattices in G, the lattice V with edge group Aq ~ Z{G) has 
the smallest possible covolume. 

Now take F to be a cocompact, not necessarily edge-transitive, lattice in G. What happens then? 

Lemma 43. Let G be as in Theorem\^l) and (2) with q ^ I mod 4. In fact, if p is odd, suppose that 
q > 300. IfT is a cocompact lattice of G of minimal covolume, then F is edge-transitive. 

Combined with the discussion above, Lemma 231 proves Theorem [3] above for this case. Note that in the 
statement of Theorem [3l 5q = 1 in this case. 

Proof of Lemma\43[ Since Z{G) is finite, without loss of generality we may assume that Z{G) ~ 1. Wc have 
already constructed an edge-transitive lattice F' of covolume /i(F'\G) = ^ziC^Hq+i) ~ qTi' ^^^^ show 
that this is a lattice of minimal covolume among the uniform lattices of G. In order to do so, assume that 
there exists a uniform lattice F in G whose covolume is strictly smaller than that of F'. The quotient graph 
S := T\X is a bipartite graph containing at least two adjacent vertices. Let us call them xi and X2. Then 

Moreover, as F^;; is finite, by Proposition [6] above we may assume without loss of generality that < Pi. 
Hence by abuse of notation, we will for i = 1, 2 denote by Xi the vertex of X stabilised by Pi, so that the edge 
{xi,X2) of X is the edge stabilised by B. Now by Proposition [22] above, (|Fa;J,p) = 1. Thus in fact we may 
suppose that F^, < Li. Notice that as T < Pi n P2, F n T < F n = F^, . It follows that T^^nT = T^^ n T 
and since {p, |F^J) = 1, F^, n F^, < T. 

We now consider two subcases depending on whether p = 2 or p is odd. 

5.1.1. p = 2. In this case we have that M, = SL2{q) = PSL2{q). Thus L., ^ M, x T, with T, < T and Ti 
isomorphic to a subgroup of Gg-i. Since q = 2°^ for some a S N, ((7 — 1) is odd. Moreover, by Proposition [22] 
above, F^;; is a subgroup of Li of odd order. 

We first observe that if T, ^ 1 then [T,, 7^ 1, where {i, j} = {1, 2}. Otherwise, < Gg((Mi, M2)) < 
Z{G) = 1, a contradiction. 

Next we note that Fj;. DTi ^ 1 for at least one of i = 1, 2. Suppose that F^;; DTi = 1. Then 

Fx, = F,,T,/T, < M,T,/T, = M,. 

Since by Dickson's Theorem, the only subgroups of odd order of Mi are isomorphic to subgroups of either 
Cq-i or Gg+i, it follows that jFa,. \ < {q-\- 1). Therefore if Fj^. n T,; = 1 for both i = 1,2, we would have that 
fi{r\G) > -(^^^y ~ /^(r'\G), contradicting our assumption that the covolume of F is strictly smaller than 
the covolume of F' . 
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Thus without loss of generahty we may assume that there exists 1 =/= yi E Tx-^ H Ti. By the observations 
above, o(yi) | (g — 1) and [j/i, A/2] =/= 1. In fact, (yi) acts faithfuhy on M2 inducing inner automorphisms. 
Note also that as yi G F^^ n T, in fact, yi e F^j^ . 

If there exists 1 ^ y E Fj;^ with o{y) \ {q + 1), then as (y, yi) acts faithfully on M2 ^ PSL2{q), Dickson's 
Theorem implies that (y,2/2} contains an element of order 2, a contradiction with the cocompactncss of F. 
Hence, for every g G Fj;^, o(g) | {q — 1), and in fact g € T. Thus F^^^ < T, and so Fj,^ < T^j^- Now, if 
Fa;2 n r2 7^ 1, then going through the same discussion, but switching the roles of xi and 2:2, we will obtain 
that < Fj;^, implying that F^^^ = Tx2- Thus if all the vertices s in the quotient graph S = T\X have this 
property (i.e., Fs H ^ 1) we will be getting the same group as a vertex group at every step, and so F will 
be finite, a contradiction. Hence, we may assume that F-c^ r\T2 ~ 1, and it follows that is a subgroup of 
T isomorphic to a subgroup of Cq-i, with [F^a, M2] 7^ 1. In particular, F^a < Fajj. 

Let us look at the possibilities for F^^. If Tx^^ < T, it follows that F^i < F^^^ implying F^^^ = F^j. In 
particular, \Txi \ < (q — 1) for i — 1,2, which violates the minimality of covolume of F. Therefore, F^.^ ^ T. 
Now Dickson's Theorem implies that the only other choice is for Tx^ < Hi x Ti where Hi is a non-split 
torus of Ml. If there are more than two vertices adjacent to xi in S, then /i(F\G) > > /i(F'\G'), a 
contradiction. Hence, on the quotient graph, X2 is the only vertex neighbouring xi. Moreover, all other 
vertices of S are neighbours of X2 and their stabilisers are of the same type as that of xi. In particular, 
it follows that Tx2 is a normal subgroup of all other vertex groups, which contradicts the fact that F is a 
faithful lattice, since Z{G) = 1. 

5.1.2. p is odd. In this case, q = p"" for some a G N, g = 3 mod 4 and we also assume q > 300. 

Since we are working in the situation when Z{G) ~ 1, Corollary |42] implies that Z{Mi) ~ 1. Assume there 
exists an involution ti & Ti. If [ti,Mj\ ^ 1, then ti G T would induce a non-trivial automorphism on Mj. 
But g = 3 mod 4. and so all the non-trivial involutory inner automorphisms of Mj come from the elements 
of a non-split torus, a contradiction. Hence, ti G CoiiMi, Mj) < Z{G) — 1, contradicting our assumption. 
Therefore Li = Mi x Ti with Mi = PSL2{q) and Ti isomorphic to a subgroup of Cq^. Moreover, as in the 
previous case, if Tj 7^ 1, it must act faithfully on Mj inducing inner automorphisms, for otherwise Z{G) ^ 1. 

If F^, nTj = 1, then 

rx^^Tx,T,/T,<M,T,/T,^M,. 

In particular, |F^^ \ < {q + !)• Therefore if F^, n T, = 1 for both i = l,2, it follows that Ai(F\G) > IJ.{T'\G), 
a contradiction. Hence, without loss of generality we may assume that there exists 1 ^ yi £ T^-^ H Ti such 
that (yi) = Fa- J fl Ti. Notice that o{yi) \ and {yi) acts faithfully on M2 inducing non-trivial inner 
automorphisms. Recall that as yi G T n Tx-^, yi G Tx2- And so Tx2 acts on M2 either as a subgroup of 
Nm2{M2 n T), or as a subgroup of K2 where K2 G {5*4, A^}. Notice that in the latter case o{yi) G {3, 5}. 

Assume first that Tx2 H T2 = 1. Then F^^ is isomorphic to a subgroup of M2- If ^X2 is isomorphic 
to a subgroup of K, then using the previous paragraph we obtain that ^(F\G) > ^ + 5.2.(q+i)/2 ^TT 
for q > 47. Since this obviously contradicts the minimality of covolume of F, F.^^ must be isomorphic to 
a subgroup of Nm2{M2 H T). Since we have full information about the action of Li on the set of edges 
Ex{xi) coming out of Xi, let us first consider the action of Tx^ on Exixi). Since Ti fixes Ex{xi) pointwise, 
we are interested in the action of the projection of F^^^ on Mi. Assume first that Tx^ acts transitively on 
E^x{xi). Then in the quotient graph xi has a unique neighbour X2. Consider the set of neighbouring vertices 
of X2 in S. If xi is its unique neighbour, VS = {xi,X2} and since Tx^ acts transitively on Ex{xi), the 
lattice F is edge-transitive and we are done. Hence, there are at least two neighbouring vertices of X2 in 
S (one already represented by xi). Let zi, . . . , be representatives of the other neighbouring vertices of 
X2 in S. If each F^. acts transitively on the edges Ex{zi) coming out of Zi, we are looking at the whole 
VS = {zi, . . . , Zfc, X2, .Ti}. If for some i, Cr^.(MzJ = 1, F2. is isomorphic to a subgroup of M^. and so 
IF^J < (g + 1). Hence, ^jl{T\G) > fi(r'\G), a contradiction. Therefore for ah i, Cr,^ (M^ J ^ 1. Denote by 
yzi an element of F^. such that (j/z.) = Cr^. {M^-). Then just like yi, acts faithfully on M2 and yz- G F^^^. 
But Tx2 is a subgroup of the normaliser of the split torus of M2, and so [yi,yzj = 1. Again using the fact 
that we know how L2 acts on Ex{x2), we observe that yi then must fix the edge (a;2, z^). It follows that yi 
fixes all vertices of S and so is in the kernel of the action of F, which since F acts faithfully is a contradiction. 
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Therefore, either Tx-^ or some Fz. does not act transitively on the corresponding set of edges, and so by 
taking xi = Zi if necessary, we are in the foUowing case: Tx-^ has at least two orbits on Ex{xi). 

Therefore, either xi has a unique neighbouring vertex X2 in S but the number of edges between them in 
S is greater than one, or there are at least two neighbouring vertices of xi in the quotient graph S. Let us 
discuss those two cases. In the former one, if VS = {xi, X2}, then {yi) <T which is a contradiction as F is 
a faithful lattice. It follows that \VS\ > 2 and X2 has at least two neighbouring vertices zi, . . . , Zk- Not to 
contradict the minimality of F we may now assume that Cr^. (Af^. ) ^ 1. Using the same argument as above, 
we obtain that yi G F^^. Assume that yi acts on M^- as an element of Kz^ £ {6*4,^5}. Suppose first that 
0(2/1) < 15. Let us evaluate the covolume of F. Let 02 G F^.^ be such that (02) < F^.^ = (02) xi (S2) = £'2 o(a2) 
and (02) = T n F2. Then 02 S F^^ and yi £ {o-2)- If 0(2/1) = 0(02), then IF^.^! < 30 which immediately 
contradicts the minimality of covolume of F {-^ > for q > 59). Hence, o(a2) > 0(2/1) and so F^.^ acts on 
Ml as either a subgroup of S {S'4, A5}, or as a subgroup of A^a/j (A/i nT). In the former case jF^-J < 15-60 
and in particular, \Tx-^ fl T| < 15 • 5 = 75. As we noticed earlier, Tx^ HT ~ F^g n T, and so jF^.^ fl T| < 75. 
Since F^.^ is isomorphic to a subgroup of a normaliscr of split torus of M2, IF^.^! < 2 • 75 = 150. If follows 
that yu(F\G) > for q > 257. again a clear contradiction. In the latter one \Txi \ < 0(2/1 )2 °|°^j < (</ ^ 1)- 
Since IF^^^I < (q — 1), we again get a contradiction with the minimality of covolume of F. Hence, 0(2/1) > 15 
and so there exists 1 2/1 G (j/i) such that [y[, M^J = 1 for all i. We then use y[ in the place of 2/1 in all 
the previous subgroups. Therefore, yi either centralises AI^- or acts on it as a subgroup of a normaliscr of a 
split torus of Mz-. In both situations, (yi) is normal in F^. for i = 1, . . . , fc. Continuing with this argument, 
we obtain that 2/1 is in the kernel of action of F, a contradiction. Therefore, we are in the case that xi has 
more than one neighbouring vertex in S. One is X2 and let z be among the other neighbouring vertices of 
xi. If Tz CiTz = 1, then using \Tx2\ and jF^j, we obtain a contradiction with the minimality of covolume of 
F. Therefore F^ n 7^ 1 and we may take X2 = z. 

Thus wc may assume that H T2 7^ 1. Hence there exists 2/2 G Fj,^ n T2 with (7/2) = ^X2 H r2- As 
before we notice that 0(2/2) | 2/2 G Tx^ and (2/2) acts faithfully on Mi via inner automorphisms. As 

before now Dickson's Theorem allows us to conclude that cither F^^ acts on Mi as a subgroup of Ki with 
Ki € {SijA^}, or Txi acts on A/i as a subgroup of Nmi{Mi n T). In the former case 0(2/2) G {3,5}. In 
the future analysis of the situation we will heavily use our knowledge of the action of Li on the set of edges 
Ex{xi) coming out of Xi. Let us begin with the case when Txi acts on Mi as a subgroup of Ki. If Tx2 acts 
on M2 as a subgroup of A'2, then /i(F\G) > -^^^ > = fi{r'\G) for q > 300, a contradiction. Hence, 
rx2 acts on M2 as a subgroup Nm2{M2 n T). Recall that \VS\ > 2. Let vi, . . . ,Vk be the neighbours of xi 
in VS — {x2}- Since yi fixes every edge in Ex{xi), it follows that j/i acts faithfully on M„; and holding a 
discussion similar to the above one with Vi in place of X2, we may assume that F^,; acts on My. as a subgroup 
of a normaliscr of a split torus of M^^. It follows that (2/1) is normal in each Fi,. . Now let zi, . . . , be the 
neighbours of 2:2 in S*— {xi}. Let us consider F^^ = Pz. flF. If F^. nCG(AfzJ = 1, then there is at most one 
such vertex, otherwise we would contradict the minimality of covolume of F. Hence, we may assume that if 
it happens, i = 1, i.e., F^^ n Ca{Mz-^) = 1. Then we may further assume that T < Pz^. Thus 2/1,2/2 G 
If Fzj acts on M^^ as a subgroup of Kz^ G {54,^5}, then jF^J < 60, which is a contradiction, as always 
— qTT ^'^^ ^ 120). Hence, F^^ acts on Mz-^ as a subgroup of a normaliscr of a split torus of AIz^ (it is 
not possible to have a normaliscr of a non-split torus, as o(yj), j — 1, 2, is co-prime to (g -|- 1)). It follows 
that (2/1) is a normal subgroup of F^j^. Hence, for i > 1, there exists 2/zi & CciMz^) of order dividing 
But this element sits in the kernel of action of Lz^ on Ex{zi) and therefore, yzi G ^X2- On the other hand 
by the usual argument, 2/2 acts faithfully on Af^. and so [2/2, j/zj = 1. It follows that (yzt) is normal in Tx2- 

Finally, as Cr^, (M2) stabilises {x2,Zi), it follows that Cr^ iUzi) < Fz- . It follows that 2/1 G F^. and 
so (t/1,2/2) < F2. . Assume that 2/1 acts on Mz. as a subgroup of Kz^ G {54,^5}. If 0(2/1) < 15, then 
\Txi \ < 15 • 60 and in particular, jF^i n T] < 15 ■ 5 = 75. As we remarked earlier, Tx^DT = F^^ n T, and 
so \Tx2 n T| < 75. Since Fa;^ acts on M2 as a subgroup of a normaliscr of split torus, IF2.2I < 2 • 75 = 150, 
which leads to the usual contradiction as + > for q > 257. Hence, 0(2/1) > 15 and so there 
exists y'l G (2/1) with [2/^, MzJ = 1 for all «. In this case we will use y'l in the place of yi in all the previous 
subgroups. By iterating this argument we may show that (2/1) <i F which is a contradiction. 
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We are now reduced to the last possible situation: Tx^ acts on Mi as a subgroup of Nmi{AIi DT). Notice, 
that because of the symmetry between xi and X2 to finish the analysis it remains to consider the case when 
acts on M2 as a subgroup of Nm2{^2 H T). 

But in this case (Txi,^x2) ^ Hence, we may move to the next vertex y on our graph. Using the 
previous argument we obtain that again that the only possible case will be Ty < N, and so on and so forth. 
Therefore, in the end of this case, the only possible conclusion will be F < A^, which is a contradiction as N 
is not a uniform lattice of G, nor does it contain any uniform lattice. □ 

5.2. Case 2. In this case T induces non-trivial outer-diagonal automorphisms on Mi for some i. As Mi = 
Ai{q), p is odd, for if p = 2, Ai{q) ~ SL2{q) ~ PSL2{q) does not admit non-trivial outer-diagonal 
automorphisms. It follows that Li is isomorphic to a homomorphic image of GL2{q). In particular, Li = 
TiMi{U) where T,; = Ct(M,), U€T - T, and L^/T, ^ PGL2{q). Moreover, if g = 3 (mod 4), T^/Ti n Mi is 
a cyclic group of odd order and ti G T is an involution, while if g = 1 (mod 4), 1 ^ tf G MiTi. 

As in the previous case, we will investigate the issue of the minimality of covolumes. We assume that G 
admits an edge-transitive lattice, p is odd and q > 300. As described in Section [1.41 and using the conclusion 
of Theorem [T] the covolume of an edge-transitive lattice T = Ai *Ao A2 in G may be calculated as follows: 



Reading carefully through the statement of Theorem[T](3), we observe that |Ao| = <5o|^o| where Zq < Z{G) 
and (5o G {1,2,4} depends on the structure of G and F. Notice that \i q = \ (mod 4), then if Qi ^ ^(G), 
(5o = 4, while if Qi < Z{G), (Jq = 2 in case (A) and (5o = 1 in case (B). On the other hand, if g = 3 (mod 4), 
then if Z{M^) ^ Z(G), So = 4, while if Z{M^) < Z{G), So = 2 in case (i) and So = I in case (in). 

Now, among all the edge-transitive cocompact lattices in G, choose F' = A[ A2 such that \A'q\ is 
as large as possible. It follows that if g = 1 (mod 4), F' is described in 3(a)(ii)(A) of Theorem [T] while 
if (7 = 3 (mod 4). F' is described in 3(b)(i) of Theorem [Tl and in both cases Zo = Z{G). In particular, 
l^ol ~ ^o\Z{G)\ with So G {2,4}. Therefore, for any other edge-transitive lattice T = Ai A2 in G, we 
have 

where So G {2,4} as described above. And so among all the edge-transitive cocompact lattices in G, the 
lattice F' with edge group A'^ of order \Z{G)\So has the smallest possible covolume. 

Now take F to be a cocompact, not necessarily edge-transitive, lattice in G. What happens then? 

Lemma 44. Let G he as in Theorem\^3), q > 300 and assume that G admits an edge-transitive lattice. If 
T is a cocompact lattice of G of minimal covolume, then F is edge-transitive. 

Again, the discussion above together with Lemma l44l proves Theorem [3] for this case. 

Proof of Lemma\44\ We begin with the case q = 3 (mod 4). Consider Li = MiT. As always Mi < Li, 
Ti = GriMi) is a homomorphic image of Gg_i, Ti/Z{Mi) is a cychc group of order dividing and there 
exists an involution ti E T that induces an outer-diagonal (PGL2-) automorphism on Mi. Notice that even 
if Z{G) = 1, this time it is possible to have Z{Mi) ^ 1. However, if Z{G) = 1, Ti acts faithfully on Mj 
where {i,j} — {1, 2} for Gt^ (-^^j) £ Gt((Mi, M2)) < Z{G). Again we assume without loss of generality that 
Z{G) = 1, and we suppose that F is a cocompact lattice in G whose covolume is strictly less than that of F' 
(discussed above). 

A few more comments: if Z{Mi) = 1, \T\2 = 2 and so there exists a unique involution t E T that induces 
a PGL2-automorphism on both Mi and M2. As above, if Z{Mi) = 1, So ^ 2, while if \Z{Mi)\ ^ 2, 5q ^ 4. 

The covolume of F' is then t-tttx-- Denote by S := 

(9-1-1)00 ■i 

If F^, nr, < Z{M,), then 

F,.Z(M,)/Z(M,) = F,.T,/T, < M,T/T, = PGL2{q). 

In particular, |F^,| <{q + l)So. Therefore if F^,, n < Z(A/j) for both i = 1,2, it follows that n{T\G) > 
/i(F'\G), a contradiction. Hence, without loss of generality we may assume that there exists 1 7^ yi G 
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n Ti - Z{AIi) such that (yi) = 0{Tx, D Ti). Notice that o(yi) | ^ and (yi) acts faithfully on M2 via 
inner automorphisms. Recall that as yi G T H rj;^, yi G r^j^. And so acts on M2 either as a subgroup 
of a normaliser of a split torus of M2{t2), or as a subgroup of K2 where K2/Z{K2) G {S'4, A^}. Note that in 
the latter case o(yi) G {3,5}. 

Assume first that ^1X2 < Z{M2). Then is isomorphic to a subgroup of M2{t2)- ^i^x2 is isomorphic 
to a subgroup of /ir2, then using the previous paragraph we obtain that /Lt(r\G) > + 5.2.(^+1)^ > 2(g+i)i5 = 
(g+i)jp for 9 > 53. Since this obviously contradicts the minimality of covolume of F, F^ja must be isomorphic 
to a subgroup of a normaliser of a split torus in M2{t2)- 

Since we have full information about the action of Li on the set of edges Ex{xi) coming out of a;,;, i ~ 1,2, 
let us first consider the action of T^^ on Ex{xi). Since Ti fixes Ex{xi) pointwise, we are interested on the 
action of the projection of T^^ on Mi{ti). Assume first that T^^ acts transitively on Ex{xi). Then in 
the quotient graph 5, xi has a unique neighbour vertex X2. Consider the set of neighbours of X2 in S. If 
VS = {xi^X2}, the quotient graph corresponds to the edge-transitive lattice, and we are done. Therefore, 
X2 has at least two neighbours vertices in 5*. Let zi, . . . , z^. be representatives of the neighbouring vertices 
of X2 in S other than xi. If each F^^ acts transitively on the set of edges Ex{zi) coming out of Zi, then we 
are looking at the whole VS = {zi, . . . , Zk,X2,xi}. If for some i, Cr^. (Mz^) < Z{Mi), F^^ is isomorphic to a 
subgroup oi PGL2{q) and so jF^J < (g + Hence, /^(F\G) > /^(F'\G), a contradiction. Therefore for all 
i, Ct,^ (Mz^) ^ Z{Mi). Denote by y^^ an element of F^^ such that (y^^) = 0{Cr,^ {Mz.)). Then just like yi, 
yzi acts faithfully on M2 and y^. G F^jj. But Fj,^ is a subgroup of the normaliser of the split torus of M2, 
and so [yi, y^.] = 1. Again using the fact that we know how L2 acts on the set Ex{x2), we observe that yi 
must fix the edge {x2,Zi). It follows that yi fixes all vertices of S, and so is in the kernel of the action of 
F, a contradiction. Therefore, either F^^^ , or some F^. does not act transitively on the corresponding set of 
edges. Thus by taking xi = Zi if necessary, we reduce to the following case: F^^^ has at least two orbits on 
Ex{xi). 

Therefore, either xi has a unique neighbouring vertex X2 in S but the number of edges between them in S 
is greater than one, or there are at least two neighbouring vertices of xi in the quotient graph. Let us discuss 
those two cases. In the former one, if \VS\ — 2, (yi) <iF which is a contradiction since F is a faithful lattice. 
It follows that in the former case \VS\ > 2 and so X2 has more than one neighbouring vertex in S: zi, . . . , Zk- 
Again not to contradict the minimality of covolume of F, we may assume that Cr^. (Mz^) ^ Z{Mi). Using 
the same argument as above we obtain that yi G F^^ . Assume that yi acts on Mz^ as an element of /v^ . 
where KzJZiKz,)& {Si, A^}. 

Suppose first that o(yi) < 15. Let us evaluate the covolume of F. Let 02 G Fj,^ be such that (02) ~ 0{rx2)- 
Then yi G (02)- Ifo(yi) =0(02), 1^X21 ^ 30(5o which immediately contradicts the minimality of covolume of F 
(gijj^ > (^gj^i-jg^ as long a,s q > 59). Hence, 0(02) > o(yi). Now, consider an action of F^^^ on Mi. If it acts as a 
subgroup of withi^i/2'(i^i) G {S'4, then |F^J < 15 -eOiS and in particular, iF^^nTl < 15-5(5o = 75So. 
But nr = T.j;2 nr, and so |r^2 nr| < 75So. As Tx2 acts on M2 as a subgroup of a normaliser of split torus, 
1^x2] < 2 ■ 75So = 150(5o. Therefore, fi{T\G) > — ^ + > (^4^^ for q > 225, a contradiction with the 

minimality of covolume of F. If it acts as a subgroup of a normaliser of a non-split torus, then together with 
the action a2, we will get that F^^^ will act as a subgroup containing p-elements, a contradiction. Thus it can 
only act on Mi as a subgroup of a normaliser of a split torus, and so iT^i | < o(yi)2 (^o ^ {q^ l)'5o- Since 
|ra:2| £ (9 — l)'5o, we again get a contradiction with the minimality of the covolume of F. Hence, o(yi) > 15 
and so there exists y'l G (yi) such that [y'l^Mz,] — 1 for all i. In this case we will use y'l instead of yi in all 
the previous discussions. Therefore, for all i, either yi centralises Mz^ or acts on it as a normal subgroup of 
a normaliser of a split torus. In both situations, (yi) is normal in F^. , for z = 1, . . . , fc. Continuing with this 
argument we obtain that (yi) is a normal subgroup of F which implies that yi is in the kernel of action of F 
on X, a contradiction. 

Therefore we may suppose that Xi has more than one neighbouring vertex in S. One is X2, and let 
z be among the other neighbouring vertices of xi. If Cr^(Mz) < Z{Mz), then using IF^^I and jF^j, we 
obtain a contradiction with the minimality of ^(F\G). Therefore Ct^{Mz) ^ Z{Mz) and we may take 
X2 = z. Therefore, we may assume that Fj;^ 0X2 ^ Z{M2)- It follows that there exists y2 G r2 n T2 with 
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(2/2) = 0{T2 n T2). As before notice that 1/2 6 Tx-^ and (j/2) acts faithfully on A/i via inner automorphisms. 
Also, the subgroup structure of Li implies that either Tx^ acts on Mi as a subgroup of Ki where Ki/Z{Ki) G 
{54,^5}, or as a subgroup of a normaliscr of a split torus of Mi{ti). Assume the former, i.e., let Tx-^ act 
on Ml as a subgroup of Ki. If F^j^ acts on M2 as a subgroup of A'2 where K2/Z{K2) G {5*4,^5}, then 
/^(r\G) > ^ > (^^^1)^-^ = /^(r'VG) for (7 > 300, a contradiction. Hence, Tx2 acts on M2 as a subgroup of 
a normaliser of a split torus. Recall that \VS\ > 2 and xi has neighbouring vertices in S other than X2- Let 
us call them wi , . . . , . Arguing for Vi as we did for X2 , we obtain that {yi ) acts faithfully on and that 
r.„. acts on Af„. as a normaliser of a non-split torus. It follows that (j/i) is normal in each r^,. . 

Now let zi, . . . ,Zm be the neighbouring vertices of 2:2 in 5 — {2^1}. Let us consider F^^ = F n Pz^- If 
Cr,. {MzJ < Z(MzJ for some i, then there is at most one such vertex, for otherwise wc would contradict the 
minimality of covolume of F. Assume there exists such a vertex Zi, then without loss of generality assume 
that i = 1, i.e., Cr,^{Mzi) < Z{MzJ and for i > 1, Cr,^ (M^ J ^ .^(M^,). Further, we may assume that 
T < Pzi- Then 2/1,2/2 & ^zi- If ^zi acts on M^^ as a subgroup of i^z^ where Kz^/Z[Kz^) S {S'4, A5}, then 
iLzJ < 60J, which leads to the usual contradiction. Thus F^^ acts on Mz^ as a subgroup of a normaliser 
of a split torus, and so (2/1) < F^^. Now, let us look at F^^ for i > 2 (or it is possible that the previous 
case does not happen, then we are looking at F^. for i > 1). It follows that for each i there exists 2/zi such 
that (2/zi) = 0{Ct^. (M^J). Since 2/zi sits in the kernel of Lzi in its action on Ex{zi), Uzi fixes every vertex 
neighbouring z;, and in particular fixes X2- It follows that 2/zi G ^X2- On the other hand, by the usual 
argument, 2/2 acts faithfully on Mz^ implying [2/2,2/2;] = 1- Therefore, (2/zi) oT^j^. Finally, as CT^^iM2) 
stabilises every {x2,Zi), it follows that Cr^, (2/zi) < Tz-. It follows that yi £ Fz^ and so (2/1,2/2) < ^zi- 
Suppose 2/1 acts on Mz- as an element of a subgroup of Kz^ with KzjZ{Kzi) S {S'4,^5}. If o{yi) < 15, 
ir^^J < 15-60i5 and in particular, iF^j^nrl < 15-5(5o = 756o. Now, as we noticed earlier, Tx^riT = rx2f^T, and 
so \rx2 nT| < 755o. As F^^^ acts on M2 as a subgroup of a normaliser of split torus, iFaj^j < 2 • 75So = 150(5o. 
leading to the usual contradiction for q > 300. Hence, o(j/i) > 15 and so there exists 2/1 G (2/1) such that 
[y[,Mzi] = 1 for all i's. In this case we will use y[ instead of 2/1 in aU the previous discussions. By carefully 
iterating this argument, we obtain that there exists a nontrivial element y of odd order such that (y) < F. a 
contradiction. 

Wc are now reduced to the case when F^^^ acts on Mi(ti) as a subgroup of NMi{ti){T). Notice, that 
because of symmetry between xi and X2, to finish the analysis it remains to consider the case when Tx2 
acts on M2{t2) as a subgroup of NM2{t2){T)- But in this case (Txi^^xi) < Hence, we may move to the 
next vertex y on our graph. However, again, the only possible case will be Fj^ < N , and so on and so forth. 
Therefore, in the end of this case, the only possible conclusion will be F < A^, which is a contradiction as N 
is not a uniform lattice of G, nor does it contain one. 

Therefore we may now assume that q = 1 (mod 4). Again consider Li = MiT, i = 1,2. As in the 
previous case. Mi <Li, Ti is a homomorphic image of Gg_i and Ti/Z{Mi) is a cyclic group of order dividing 
But this time if x is an involution in Li n T, then x G MiTi. As usual we may suppose that Z[G) = 1. 
As before, it follows that Ti must act faithfully on Mj, = {1,2}. 

Recall that Qi € Syl2{Z{Li)) and is a unique subgroup of Qi of index 2. Since we assume that G admits 
an edge-transitive lattice as in the conclusion 3(a) (ii) (A) of Theorem [T] and that Z{G) = 1, Ti = Zi x Qi 
where |Q,| < 2, \Z^\ is odd and M, ^ PSL2{q). If \Qi\ = 2,So = 4, while if \Q.,\ ^ 1, Sq = 2. The covolume 
of F' is then j^:^^- Denote by (5 ^. 

Finally, as in the previous case, let us assume that F is a cocompact lattice in G whose covolume is strictly 
less than that of F'. If F^^ n < Qi, then 

rx^Q^/Q^ - r,.T,/T, < m.t/t, = PGL2{q). 

In particular, jF^rJ < (g + l)(5o- Therefore if F^, nT, < Q^ for both i = 1,2, it follows that fi{r\G) > fi{r'\G), 
a contradiction. Hence, without loss of generality we may assume that there exists 1 =/= yi E Tx-^ H Ti such 
that (2/1) = 0{Tx^ n Ti). Note that 1 7^ 0(2/1) is odd, 0(2/1) | and (2/1) acts faithfully on M2. Recall 

that as 2/1 £ T n Tx-^, 2/1 G ^X2- And so there are several possibilities for the action of Fa;^ on M2: either 
as a subgroup of a normaliser of a split torus, or as a subgroup of K2 where K2 G {5*4,^5}, in which case 
0(2/1) < 5. 
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Assume first that nT2 < Q2- Then F^^ is isoniorpliic to a subgroup of 2PGL2{q). If is isomorphic 
to a subgroup of K2 , we obtain the usual contradiction with the minimahty of covolume as ^ > for 
q > 60. Hence, acts on M2 a subgroup of a normahser of a spht torus and 0{Tx2) 7^ 1- 

Since we have fuh information about the action of Li on the set of edges Ex{xi) coming out of a;,;, i — 1,2, 
let us first consider the action of T^i on Ex(xi). Since Ti fixes Ex{xi) pointwise, we are interested on the 
action of the projection of T^^ on Mi{ti). Assume first that T^^ acts transitively on Ex{xi). Then in the 
quotient graph 5, xi has a unique neighbouring vertex X2- Consider the set of neighbours of X2 in S. If 
VS = {xi,X2}, the quotient graph corresponds to the edge-transitive lattice, and we are done. Therefore, 
there exists X2 G VS which has at least two neighbouring vertices in S. Let zi, . . . , be representatives of 
the neighbouring vertices of X2 in S other than xi. If each F^. acts transitively on the set of edges Ex{zi) 
coming out of Zi, then we are looking at the whole V S = {zi, . . . , Zk, X2^ xi\. If for some i, Cr,. (AfzJ < Qi, 
then jF^J < [q+\)5a. Looking at | + 1— we obtain that /i(F\G) > /i(F'\G), a contradiction. Therefore 

for all i, Cr^. (AfzJ ^ Qi- Hence, there exists y^i, an element of F^. such that (y^.) = 0{Ct^. (MzJ). Then 
just like yi , y^^ acts faithfully on M2 and . G F^^^ . But F^^^ is a subgroup of the normaliser of the split torus 
of A/2, and so [yi,?/^.] = 1. Again using the fact that we know how L2 acts on the set Ex{x2), we observe 
that yi must fix the edge {x2, Zi). It follows that yi fixes all vertices of S, and so is in the kernel of the action 
of F, a contradiction. Therefore, either T^^ , or some F^. does not act transitively on the corresponding set 
of edges. Thus by taking xi = Zi if necessary, we reduce to the following case: F^.^ has at least two orbits 
on Exixx). 

Therefore, either x\ has a unique neighbouring vertex X2 in S but the number of edges between them in 
S is greater than one, or there are at least two neighbouring vertices of x\ in the quotient graph. Let us 
discuss those two cases. In the former one, if l^^l = 2, (yi) <F, which is a contradiction since F is a faithful 
lattice. It follows that in the former case \yS\ > 2 and so X2 has more than one neighbouring vertex in S. 
Let us denote them by zi, . . . , z^. Again not to contradict the minimality of covolume of F, we may assume 
that Cr^ . ( . ) ^ Qi- Using the same argument as above we obtain that yi e Fz . . Assume that yi acts 
on as an element of Kz^ where K^^ G {54,^5}. If o(yi) < 15, let us evaluate the covolume of F. Let 
0-2 G ^X2 be such that (02) = ©(F^.^). Then yi G (02). If o(yi) ~ 0(02), 1^X21 < SOSq which immediately 
contradicts the minimality of covolume of F {-^^ > (^q^i)Sg for q > 59). Hence, 0(02) > o(yi). Now, consider 
the action of T^^ on Mi. If it acts as a subgroup of Ki where Ki G {54,^5}, then iF^jJ < 15 • 60(5, and 
arguing as in the previous case (q = 3 (mod 4)), we get \Tx2\ < 150(5o leading to the usual contradiction 
with the minimality of covolume of F as long as g > 257. If it acts as a subgroup of a normaliser of a 
non-split torus, then together with the action 02, we will get that Tx-^ will act as a subgroup containing 
p-elements, a contradiction. Thus it can only act on Mi as a subgroup of a normaliser of a split torus, 
and so |Fa;J < o(yi)2 °|°^| (5o < (? ^ l)<5o- Since jF^^j < {q — l)(5o, we again get a contradiction with the 
minimality of the covolume of F. Now suppose that o(yi) > 15, then there exists y[ such that y'l G (yi) 
and y'l centralises all the Af^. 's. We may use it instead of yi. Therefore, for all i, either yi centralises Af^. 
or acts on it as a normal subgroup of a normaliser of a split torus. In both cases, (yi) is normal in F^^, 
i = 1, . . . , fc. Continuing with this argument we obtain that (yi) is a normal subgroup of F which implies 
that yi is in the kernel of action of F on A", a contradiction. Therefore we may suppose that xi has more 
than one neighbouring vertex in S. One is X2, and let z be among the other neighbouring vertices of xi. 
If Cr^{Mz) < Qz, then using \rx2\ and jF^j, we obtain a contradiction with the minimality of n{T\G): 
fj,{r\G) > + > (^g_^ijsg ■ Therefore Cr^(Af^) ^ Qz and we may take X2 — z. Therefore, we may 
assume that Fj;^ n r2 7^ 1. It follows that there exists y2 G 0(F2 n T2). such that 1 7^ (y2) = 0(F2 n T2). 

As before notice that y2 G Tx-^ and (y2) acts faithfully on Mi via inner automorphisms. Also, the subgroup 
structure of Li implies that either F^^ acts on Mi as a subgroup of Ki where Ki G {5*4, ^5}, or as a subgroup 
of a normaliser of a split torus of A/i(ti). 

Assume the former, i.e., let Tx^ act on Mi as a subgroup of Ki. If o{yi) = 2. then \Txi | < 2 ■ 60 which as 
always implies that /i(F\G) is not minimal. Hence, 0(Txi H Ti) 7^ 1 and we may choose yi to be such that 
(yi) = 0(Fj.j n Ti). As always notice that yi G Tx2 and acts faithfully on Af2 via inner automorphisms. If 
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acts on M2 as a subgroup of K2 where K2 € {5*4,^5}, then fi(r\G) > qtIq^ > ^.^^^^^^^ ~ /i(r'\G) for 
q > 300, a contradiction. 

Hence, r^j^ acts on M2 as a subgroup of a normahser of a spHt torus. Recall that IT^^I > 2 and xi has 
neighbouring vertices other than X2 in S*. Let us call them vi, . . . ,Vk- Arguing for Vi as we did for X2, we 
obtain that (yi) acts faithfully on My. and that T^. acts on M^. as a normaliser of a non-split torus. It follows 
that (j/i) is normal in each Ty.. Now let zi, . . . ,Zm be the neighbouring vertices of X2 in VS — {xi}. Let us 
consider F^^ — FflPzi- If ^r^. (-^zj ^ Qz^ for some i, then there is at most one such vertex, for otherwise we 
would contradict the minimality of covolume of F. If there exists such vertex, then without loss of generality 
assume that such i = 1, i.e., Cr^ (-^zi) < Qzi, and for i > I, Cr^.{Mz.) ^ Q^^. Further, we may assume 
that T < Pz^. Then 2/1,2/2 G L^^. If F^^ acts on M^^ as a subgroup of K^^ where Kz^ 6 {54,^5}, then 
Tzil < 60(5, which leads to the usual contradiction as long as q > 59. Thus F^^ acts on Ad^i as a subgroup 
of a normaliser of a split torus, and so (2/1) <iF^j. Now, let us look at F^^ for i > 2 (or it is possible that 
the previous case does not happen, then we are looking at F^^ for i > 1). It follows that for each i >\ (or 
strictly greater than 1 if o{yzi) \ 2) there exists t/z^ such that (2/zi} = 0{Ct,. (Mzi))- 

Since 2/zi sits in the kernel of Lz^ in its action on Ex{zi), Uzi fixes every vertex neighbouring z^, and in 
particular fixes X2- It follows that 2/zi G ^X2- On the other hand, by the usual argument, 2/2 acts faithfully 
on Mzi implying [2/2,2/zi] = 1- Therefore, (2/2^ ) <i F^^^ . Finally, as Cy-^^{M2) stabilises every (0:2,2:^), it follows 
that Cr^^iUzi) < L^.. It follows that 2/1 G F^^ and so (2/1,2/2) < L^.. Suppose 2/1 acts on M^. as an element 
of a subgroup of Kz^ with i^j. S {54,^5}. By the argument identical to the one for g = 3 (mod 4), we 
obtain that it is not possible and that there exists a nontrivial element y of odd order such that (2/) < F, a 
contradiction. 

We are now reduced to the case when F^^^ acts on Mi{ti) as a subgroup of A^A/i(ti) (-^A (^i) H T). Notice, 
that because of symmetry between Xi and X2, to finish the analysis it remains to consider the case when Fa;^ 
acts on M2{t2) as a subgroup of 7Vjvf2(t2) (^2(^2) HT). But in this case {Txi,Tx2) < N. Hence, we may move 
to the next vertex y on our graph. However, again, the only possible case will be Fj, < N, and so on and so 
forth. Therefore, in the end of this case, the only possible conclusion will be F < A^, which is a contradiction 
as N is not a uniform lattice of G, nor docs it contain one. □ 
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